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Abstract. We define 2-caUbrated structures, which are analogs of syinplectic 
structures in odd dimensions. We show the existence of differential topological 
constructions compatible with the structure. 
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1. Introduction 

In recent years there has been an enormous success in the study of symplectic 
manifolds using approximately holoniorphic methods. These methods -introduced 
by S. Donaldson in 1996 ^ - amount to treating symplectic manifolds as generaliza- 
tions of Kahler manifolds. It is convenient to think of a symplectic manifold -once 
a compatible almost complex structure J has been fixed- as a Kahler manifold 
(P, J, fl) for which the integrability condition for J has been dropped. 

Let M be any hypersurface of the Kahler manifold (P, J, r2) . AI inherits on 
the one hand a codimension 1 distribution D defined as the field of J-complex 
hyperplanes in TM, with an integrable almost complex structure J : D —^ D (a 
CR structure), and on the other hand a closed 2-form uj := fl^M which is positive 
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on D (and hence maximally non-degenerate). A 2-calibrated structure on M is the 
structure one gets when the integrability assumption on J: D —^ D is dropped. 

The behavior of Z? in a CR manifold can be read through its Levi-form C, and 
a number of interesting cases can be singled out [M is assumed to be oriented or 
equivalently D to be co-oriented). 

(1) If C is strictly positive (resp. negative) we get a strictly pseudo-convex 
(resp. pseudo-concave) CR structure; its non-integrable counterpart (if we 
forget about J) is a contact structure. 

(2) If £ = then D integrates into a codimension 1 foliation whose leaves 
inherit a Kahler structure. The non-integrable analogs of these Levi-flat 
manifolds are a class of regular Poisson manifolds that include mapping tori 
associated to symplectomorphisms and cosymplectic structures (defined by 
a closed 1-form a and a closed 2-form lu such that a A w" is a volume form) . 
When n = 1 these analogs are nothing but smooth taut foliations. 

(3) If n = 1 and £ > 0, what we have is a class of structures that include all 
taut confoliations (see section 3.5 in jl3|). 

Definition 1. A 2-calibrated structure on Af^"+^ is a pair {D,uj), where D is a 
codimension 1 distribution and lu a closed 2-form no-where degenerate on D. 

We call the triple {M,D,lu) a 2-calibrated manifold. We say that uj is positive 
on D or that to dominates D. If D is integrable we speak of 2-calibrated foliations. 
[M,D,uj) is said to be integral if [a;/27r] G -ff^(M;M) is in the image of the 
integer cohomology. If that is the case, the pre-quantum line bundle (L, V) is the 
unique -up to isomorphism- hermitian line bundle with connection with Chern class 
h and curvature —icu, where h is some fixed integer lift of [lu /2Tr]. 

Definition 2. W is a 2-calibrated submanifold of{AI,D,Lu) ifTWOD has codi- 
mension 1 inside TW and it is dominated by lu. In other words, W must intersect 
D transversely and in a symplectic sub-distribution of D. 

The first application we will obtain is an analog of the existence of transversal 
cycles through any point of a taut foliation in M'^. 

Proposition 1. Let {AP"^^,D,uj) be a closed integral 2-calibrated manifold. For 
any fixed point y Cz M if k G N is large enough, it is possible to find 2-calibrated 
submanifolds Wk of M of codimension 2m through y with the following property: 

• The inclusion I: Wk ^-> M induces maps l^: njlWk) — > 'Kj{M) which are 
isomorphisms for j — 0, . . . ,n — m — 1 and epimorphisms for j ~ n — m. 
The same result holds for the homology groups. 

Ifm — 1, then the Poincare dual of \Wk\ is kh. 

The above result is obtained by pulling back the section of a vector bundle, 
and it extends the main result for contact manifolds of j2()| . Something similar can 
be done with the determinantal loci of a homomorphism of complex vector bundles 
(see [3S], theorem 1.6 and corollary 5.2 in |1]). 

Proposition 2. Let {M,D,uj) be a closed integral 2-calibrated manifold and L®'' 
the sequence of powers of the pre-quantum line bundle. Let E , F be hermitian vector 
bundles with connection and consider the sequence of bundles Ik — E* ® F ® L®^ . 
Then for all k large enough there exist sections Tk of Ik for which the determinantal 
loci Y?(Tk) = {x £ M\ rank(Tfc(x)) = i} are integral 2-calibrated submanifolds 
stratifying M . 
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The Poincare Dual of the closure of S'(ta;) is given by the so called Porteous 
formula [22 (see also [SSj): 

C-n—i—1 C-n—i 

'^E,F^LS>i' ,i 

Cn— T71+1 * * ' Ct] 

where rank£^ = m, ranki^ = n and Cj is the j — th Chern class Cj{F ® L^'' — E) 
defined by the equality 

l + ci{F® L'^^ -E) + C2{F ®L'^^ -E) + --- = 
(1 + ci(F ® L®^) + C2{F ® L®*') + • • • )/(l + ci{E) + C2{E) + • • • ) 

If the rank of E and F, and i are chosen so that S*~^(Tfc) is empty, then S'(rfc) 
is a closed 2-calibrated submanifold. 

Once we know that closed contact manifolds have contact submanifolds, it is 
an interesting problem to determine cohomology classes that can be realized by 
contact submanifolds. 

Corollary 1. Let (M, a), a £ Q}{M), he a closed (exact) contact manifold of 
dimension 2n+ 1. Let E, F he complex vector bundles and let i he a positive integer 
such that 

• The codimension in Honi(£', F) of the strata of homomorphisms of rank i 
is not higger than 2n + 1. 

• The codimension in Hom(£', F) of the strata of homomorphisms of rank 
i ~ 1 is higger than 2n + 1 . 

Then there exist contact submanifolds whose Poincare dual is AE,F,i- 

The next application is an analog for 2-calibrated manifolds of the embedding 
theorem for symplectic manifolds of |[28| (theorem 1.2), extending results of |^ for 
contact manifolds. 

Corollary 2. Let {Al"^"^^ , D , lo) he a closed integral 2-calibrated manifold. Then 
it is possible to find maps (jy^'. Af — > CP^" so that for all k large enough one has: 

• 0fc is an immersion along D. 

• [(j)*f.ujFs\ = [ki^], where lofs is the Fuhini-Study 2-form o/CP^". 

In particular if {M^ , D) is a closed 3-manifold with a smooth taut confoliation, 
it is possible to find immersions along D in CP^ . 

The previous corollary can be improved in two directions: 

Corollary 3. (see [2H|, corollary 2.6) Let (M^"+^,2?,a;) he a closed manifold with 
an integral 2- calibrated foliation. Then the maps of corollary\^can he composed from 
the right with diffeomorphisms of M so that for all k ^ 1 the equality [0Jwi?s] = 
[kuj] holds also at the level of foliated 2-forms, i.e. (j)l.ujpsijj = kw\x>- 

The second improvement is that the immersion along D can be perturbed to be 
transversal to any finite collection of complex submanifolds of projective space. 
Another application is the existence of Lefschetz pencil structures, introduced in 

m- 

Definition 3. Let {M,D,lu) be a 2-calibrated manifold and x e M. A chart 
Lp: (C" X ]R,0) — s- {M,x) is compatible with {D,u}) if at the origin it sends the 
foliation of C" x M. by complex hyperplanes into D, and (p*oj{0) restricted to the 
suhspace C" x {0} is of type (1,1). 
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Definition 4. (see |32| J A Lefschetz pencil structure for {AI^D^ui) is a triple 
(/, B, A) where B G M is a codimension 4 2-calihrated submanifold, and f : M\B — » 
CP^ is a smooth map such that: 

(1) f is a submersion along D away from A, a 1-dimensional manifold trans- 
versal to D where the restriction of the differential of f to D vanishes. 

(2) Around any point a; G A there exist coordinates zi, . . . , Zn, s compatible with 
{D,uj), and complex coordinates o/CP^ such that 

f{z,s)^zl + --- + zl + t{s), (1) 

where te C°°(R,C). 

(3) Around any point x (z B there exist coordinates zi, . . . , z„, s compatible with 
{D,uj), and complex coordinates of CF^ such that B = zi = Z2 = and 

f{z,s) = Zi/Z2. 

(4) /(A) is an immersed curve. 

Theorem 1. Let {M^D,uj) be an integral 2- calibrated foliation (Ad closed) and 
let h be an integer lift of [uj] . Then for all k ^ \ there exist Lefschetz pencils 
{fk,Bk,Ak) such that: 

(1) The regular fibers are Poincare dual to kh. 

(2) The inclusion I: Wk ^—> M induces maps Z* : TTj{Wk) — > '!Tj{M) (resp. 
la.: Hj{Wk','^) -^ Hj{M;Z)) which are isomorphism for j < n — 2 and 
epimorphisms for j ~ n ~ 1. 

All the stated results follow mostly from a more general principle of (estimated) 
transversality along D (theorems El and EJ • 

In a problem V of transversality along D we have three ingredients: (i) the 
bundle E -^ (M,D,uj), (ii) the submanifold or more generally the stratification 
S C E and (iii) the section r : M — > i? to be perturbed to become transversal to S. 

In section El we will define the class of sections and bundles we will work with, 
the so called sequences of very ample bundles (definition ^ and approximately 
holomorphic sections (definition 01 ■ 

As in the approximately holomorphic theory for symplectic manifolds (see [51 
131), transversality problems will be solved by patching local solutions. The right 
strategy to solve the corresponding local problem for sections is to turn them into 
local problems for approximately holomorphic functions. That will be done through 
the use of reference sections, which can be thought as the bump functions of the 
theory. The necessary local analysis needed to construct such sections is developed 
in section El 

There is a second strategy to solve V. It is not only that the natural example of 
a 2-calibrated structure is a hypersurface inside a symplectic manifold, but every 
2-calibrated manifold {D co-oriented) admits a symplectization (M x [— e, e],ri) 
(lemma 0J| . We will introduce a new transversality problem V for a stratification 
iS of a bundle E -^ (M x [— e, e],r2), so that a solution f: M x [— e, e] ^ E to 
the new transversality problem V restricts to f|M a solution to V. The advantage 
of this point of view is that since we are in a symplectic manifold, as long as the 
extension V falls in the right class of problems we can use the existing approxi- 
mately holomorphic theory for symplectic manifolds to solve it. Still, the existing 
approximately holomorphic theory turns out not to be enough for our purposes, 
so we need to develop further the relative approximately holomorphic theory in- 
troduced by J. P. Mohsen (23. We will make an exposition of both the intrinsic 
and the relative approximately holomorphic theories, and we will prove the main 
transversality theorem using the latter. 

In section El we give an account of the notion of estimated transversality of a 
section along a distribution. For the intrinsic theory (problem V) the distribution 
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will be D, whereas for the relative theory the problem V will amount to achieve 
transversality along M C (M x [— e, e],r2). We will also introduce the right class 
of stratifications S (already defined in the symplectic setting in ^), the so called 
approximately holomorphic finite Whitney stratifications, whose strata roughly be- 
have as the zero section of a vector bundle in the sense that locally they will be 
given by approximately holomorphic functions and they will be transversal enough 
to the fibers. The fundamental result Qemma [TT|l will be that locally estimated 
transversally along D (resp. M) of a section to S (resp. S) will be equivalent to es- 
timated transversality along D (resp. M) to of a related C'-valued approximately 
holomorphic function. 

Scction[5lis devoted to the study of bundles of pseudo-holomorphic jets, needed to 
obtain generic approximately holomorphic maps to projective spaces, constructed 
by projectivizing [m + l)-tuples of approximately holomorphic sections of powers 
of the pre-quantum line bundle L^'' (an analog of generic linear systems); gene- 
ricity will be defined as the solution of a uniform strong transversality problem 
to a stratification S in these bundles of pseudo-holomorphic jets f definition I27|l . 
Several difficulties have to be overcome. Firstly, since we want to obtain a strong 
transversality result, the jet of the section to be perturbed has to be itself an 
approximately holomorphic section, so that the transversality problem falls in the 
right class, something which fails to hold due to the uniform positivity along D of 
the sequence L***^. This is solved by introducing a new connection in the bundles 
of pseudo-holomorphic jets (proposition 01). Secondly, we need to define an stratifi- 
cation S of the right kind (subsection 16.2(1 . This is done in sectional by introducing 
the bundles of pseudo-holomorphic jets for maps to projective spaces, and defining 
there FS -a "linear" analog of the Thom-Boardman stratification-; S is construc- 
ted by pulling back ¥S by the corresponding jet extension of the projectivization 
map tt: C™+^\{0} -^ CP™. The properties of both the map and of PS are used 
to conclude that S is indeed of the right kind, and thus the transversality problem 
falls in the right class (lemma I16|l . The necessary modifications for the relative 
theory are also described. 

In section Owe give the main strong transversality result. 

The proofs of the theorems stated in this introduction are given in section |S1 

Our results are based on the abundance of approximately holomorphic sections 
of very ample line bundles. In the integrable setting there are analogous results 
following two different strategies: 

(i) In J^ E. Ghys gave conditions on a compact space laminated by Riemann 
surfaces for the existence of plenty of meromorphic functions. More ge- 
nerally, B. Deroin has extended those results to laminations by complex 
leaves without vanishing cycle, and endowed with positive hermitian line 
bundles [5] . The work of Ghys and Deroin proves the existence of leafwise 
holomorphic embeddings in projective spaces of the aforementioned lami- 
nated spaces (compare with corollary I^J , though the maps -even in the 
case of smooth foliations- are in general only continuous in the transversal 
directions. The strategy they follow is working in the universal cover of the 
leaves of the lamination. Interestingly enough, Deroin's results are obtained 
by extending some techniques of approximately holomorphic geometry to 
the leaves, which are open complex manifolds with bounded geometry. 

(ii) In Pni Ohsawa and Sibony gave a solution to the 9-Neumann problem 
with Z/^-estimates for sections of a positive CR line bundle over a Levi- 
flat compact manifold. As a consequence they were able to produce CR 
embeddings in projective space of any prescribed order of regularity (though 
in general non-smooth). 
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Part of the results of the present paper were announced in |18[I19' (proposition^ 
corollaryEl corollary|3 thcorcmnand theorem|21), where an account of the results 
available through an intrinsic approximately holomorphic theory was presented. 

While a more detailed study of 2-calibrated structures is feasible, we do not 
think the results that could be obtained would be relevant enough to justify its 
undertaking. 

There has been two main reasons to develop an approximately holomorphic 
theory for 2-calibrated structures: 

The first one is because they contain contact structures and 2-calibrated folia- 
tions. Approximately holomorphic geometry has already been introduced in the 
contact setting 20 , 32 , 27 , 29 . It has been used to construct compatible open book 
decompositions for contact manifolds of arbitrary dimension ^Bj . Our contribution 
in this paper to contact geometry is the construction of a large class of contact 
submanifolds and the determination of their homology class (corollary QJ. 

We want to propose 2-calibrated foliations as an interesting higher dimensional 
generalization of 3-dimensional taut foliations. In (23^ it is shown that any such 
foliation (Af, I?,a;) contains a 3-dimensional taut foliation {W^jVw) ^^ (M,!)) so 
that the inclusion descends to a homeomorphism between leaf spaces. It is done 
by showing that W^ can be chosen to intersect each leaf of (M, V) in a unique 
connected component; this is somehow surprising since the leafs are in general 
open submanifolds which can be dense in M. The proof uses the leafwise symplectic 
parallel transport associated to Lefschetz pencil structures; it relies on the ideas of 
Seidel ( 34 , section 1). 

The second reason to develop an approximately holomorphic theory for 2-calibrated 
structures is that sometimes they appear as auxiliary structures. 

If M is an odd dimensional manifold and lo a maximally non-degenerate closed 
2-form, any distribution D complementary to the kernel of w endows M with a 
2-calibrated structure. In ^3] this idea was applied to almost contact manifolds to 
construct (via approximately holomorphic theory) open book decomposition with 
control on the topology of the leaves. 

If {M,D,J) ^-> (CP^jWfs) is a projective CR manifold, then it is possible to 
adapt the relative approximately holomorphic geometry to find sequences of pencils 
of hypersurfaces of large enough degree whose restriction to (M, D, J) defines a 
Lefschetz pencil structure, i.e. a CR morse function away from a CR submanifold 
of base points |23 . 

All the applications outlined so far for contact manifolds, 2-calibrated foliations 
and projective CR manifolds use at most pseudo-holomorphic 1-jets. 

If a projective CR manifold is Levi-flat then it makes sense to speak about r- 
generic CR functions (defined to be leafwise r-generic holomorphic functions). It 
can be shown that for all /c ^ 1 there exist r-generic linear systems: linear systems 
of 0{k) -^ CP^ of rank m(r) whose restriction to M define r-generic CR functions 
away from base points |22]. The existence of such functions can be easily stated 
as a transversality problem (along T>) Vint in the bundle of CR r-jets of CR maps 
from M to CP™^'-*. One has to show that it can be linearized to a transversality 
problem Vun (the bundle, the stratification and the notion of CR r-jet all have to be 
replaced by linear analogs) that fits into the ones solved in theorem O (necessarily 
using the relative theory and with the reference sections belonging to 0{k)). Then 
it has to be checked that the solution to Vun gives rise to a solution of Vint ■ 

We think that the existence of r-generic linear systems for projective Levi-flat 
CR manifolds is a relevant result by itself and justifies the extension of the approxi- 
mately holomorphic theory to higher order jets, which is technically awkward. We 
expect it to be useful to analyze such manifolds. For example one can use it to 
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define r-generic functions /: (M^"+^,I?, J) -^ CP" (with no base points) for which 
the regular level sets are unions of circles (with variable number of components), 
and using the analysis of the singularities define a dynamical system transversal to 
T) (at least for low values of n > 2); by iterating the Lefschetz pencil construction 
(the dimensional induction of &, section 5) one can also define maps to CP"""'^ 
whose fibers (by 23:) are 3-manifolds intersecting each leaf of I? in a connected 
Riemann surface. 

Acknowledgements. I wish to express my gratitude to Alberto Ibort for the numer- 
ous fruitful conversations that helped to improve many aspects of this work. It 
is also my pleasure to thank Denis Auroux, Fran Presas, Ignacio Sols and Vicente 
Munoz for their helpful comments, and Etienne Ghys for kindly pointing me to very 
relevant literature on the subject. Part of this work was written during stays at the 
Oxford Mathematical Institute and at the "L. Tonelli" Mathematics Department of 
the University of Pisa; I am grateful for the hospitality I received and the excellent 
research conditions. 

2. Ample bundles and approximately holomorphic sections 

Let {M,D,uj) be an integral 2-calibrated manifold. Let us fix once and for 
all a compatible almost complex structure J: D — > D, and a metric g so that 
(7|£3 — uj{-,J). The kernel of lu is asked to be orthogonal to D, being the only 
reason that it makes some of the computations of the local theory simpler. Notice 
that for any such metric the closed 2n-form w" is a calibration for D (see |17)^. 

If we forget about the 2-form what remains is the following structure. 

Definition 5. An almost CR structure is a tuple {M,D,J,g) where D is a codi- 
mension 1 distribution, J : D ^ D an almost complex structure and g a metric 
whose restriction to D is compatible with J (J is g-orthogonal and g- antisymmetric) . 

Let (L, V) ^ Af be any hermitian line bundle (or more generally vector bundle) 
with compatible connection. Let us call D the puUback to L of D\ let J and g be the 
almost complex structure and metric on L which extend the hermitian structure on 
the fibers and are defined on the horizontal distribution associated to V by pulling 
back J and g respectively. Then {L,D, J,g) is an almost CR manifold. 

Our goal is being able to construct sections r : M ^ L which (i) are close enough 
to be holomorphic (r* J = Jt^, ) and (ii) transversal to suitable submanifolds of the 
total space of L (we prefer to use the adjective almost holomorphic instead of almost 
CR to be consistent with the terminology of [201 and j321; we will just speak of CR 
sections when the base space is a Levi-fiat CR manifold) . That forces us to impose 
conditions on L, or actually on the curvature of the connection V. 

To determine the right condition we go back for a moment to the symplectic 
theory, or more generally almost complex theory j3], where it is known that the 
right bundles are the so called ample bundles. Roughly speaking one demands the 
curvature to be of type (1, 1) -so that at small scale the induced almost complex 
structure on the total space is nearly integrable- and positive, which implies the 
existence of plenty of nearly holomorphic sections. 

Definition 6. (see U, definition 2.1) Given c, 6 positive real numbers, a hermitian 
line bundle with compatible connection (L.'V) -^ (M, D, J, g) is {c,6)-D-ample (or 
simply ample) if its curvature F verifies iF{v, Jv) > cg{v, w), Vu € D (and hence it 
is non- degenerate) and \F\d ~ F\£) \g "^ ^ j where we use the supremum norm. 

A sequence of hermitian line bundles with compatible connections {Lk,'^k) is 
asymptotically very ample (or just very ample) if fixed positive constants S, {Cj)j>o 
and a sequence Ck —^ oo exist, so that from some fco G N on the following inequalities 
for the curvatures Fk hold: 
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(1) tFkiv,J 


v) > Ckg{v,v),\/v e 


D 


(2) \FkiD~ 


Fk^D\g<Sc^' 




(3) iV^Ffel, 


< C,ck 





Another motivation for the previous definition is the case of Lcvi-fiat CR mani- 
folds, where according to the results of Ohsawa and Sibony PO] leafwise positivity 
grants the existence of plenty of CR sections. 

The pre-quantum line bundle L of an integral 2-calibrated manifold (M,D,lu) 
is ample, and its tensor powers L^'' define a very ample sequence of line bundles 
(with Ck = k, S — 0). 

From now on we will only consider almost CR structures on 2-calibrated mani- 
folds defined by compatible almost complex structures and metrics. Similarly, we 
will only consider the sequence L®*^. Anyhow all the results stated in this section 
remain valid for any very ample sequence of line bundles Lk over an almost CR 
manifold, by just putting Lk, iFk,Ck instead of L***^, kui, k. Notice however that for 
the sequence of symplectic forms iFk, their kernels vary with k (and in particular 
the are not all perpendicular to D, as it is the case for kuj). 

If Tfe G r(L'*'^), using J the restriction of Vr^ to D can be written 

We can see drk as a section of T*M (g) L®*^ by declaring it to vanish on D-^, and 
then use the Levi-Civita connection on T*M to define V~i|9Tfe e r(r*M«"^(g)L®'=). 
Let us denote the rescaled metric kg by gk- 

Definition 7. A sequence of sections Tk of L'^^ is approximately J -holomorphic 
(or approximately holomorphic or simply A.H.) if positive constants {Cj)-y„ exist 
such that: 

Remark 1. The original notion of A.H. sequence introduced in |2(JI I32| is a hit 
more general than definition^ The difference -as well as the fact that only a finite 
number of derivatives were taken into account- is that the direction orthogonal to 
D had a different treatment. The main theorem of "20' produced appropriate A.H. 
sequences of sections with good control on any finite number of derivatives along D, 
but little along D^ . Using the relative theory one can obtain "better" solutions (with 
control in all directions), so we do not need to use the technically more complicated 
definition of fMlT^ . 

3. The local A.H. theory 

Maybe the most important idea on Donaldson's work (^ was the construction 
of locahzed A.H. sections (inspired in the work of Tian [33]) by adopting a unitary 
point of view instead of a holomorphic one. The use of a unitary connection in 
a Darboux chart allowed him to find a model coupled Cauchy-Riemann equation 
invariant under rescaling -provided one worked in the appropriate tensor power of 
the pre-quantum line bundle- and explicitly write concentrated solutions giving rise 
to reference sections. 

The local theory, both using an intrinsic construction or the symplectization to 
be introduced in subsection 13. II is based on the choice of appropriate families of 
charts. In the intrinsic local theory we need as well a local model for the coupled 
Cauchy-Riemann equations and a good choice of explicit solution. But both the 
model and the solution are quite easy to determine (after Donaldson's work). 

The local model for the intrinsic approximately holomorphic theory in 2-calibrated 
manifolds, that can only be achieved asymptotically when k -^ cx3, is the following: 
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the domain is C" x R, with coordinates z^,...,z",s (sometimes we write them 
as x^,. . . , a:^"+^ or x^, . . . , x^", s). The distribution Dh is given by the level hy- 
perplanes of the vertical or real coordinate s. The identification of each leaf with 
C" means that we have fixed the leafwise canonical almost complex structure Jq. 
The metric is the Euclidean one go with Levi-Civita connection d (usual partial 
derivatives), and the distance is the Euclidean norm | • |. 

The last element in the base space is the 2-form, which is required to be 

n 

uo^^^dz' A dz' (2) 

i=l 

We ask for a choice of unitary trivialization of the line bundle whose connection 
form is 

n 
i=l 

In M^ with coordinates x^,.. . ,x^ let W denote the distribution by p-planes 
span < d/dx^^ ,. . . ,d/dx'^'p >, 1 < ii < • • • < ip < iV; its Euclidean orthogonal 
is denoted by R^~p. If we have a distribution D' of dimension p in R^ which 
is transversal to IR^~p, we can measure its distance to M^ as follows: let w*', I = 
1, . . . ,p, be the vector field in R^^p such that d/dx'^^ + f*' G D' . Then define 

\d^{W D%,, = max{|d^^;^H.o, • ■ • , W^'%.} 
In the previous local model let us denote the line field spanned by d/ds by D^. 
According to the previous paragraph we can measure the distance in C" x R to Dh 
(resp. D^) of any codimcnsion 1 (resp. dimension 1) distribution transversal to D^ 
(resp. Dh). 

Definition 8. Let ipk.x- (C" x R, 0) -^ {Uk,x,x), for all x <E M and all k » 
\, he a family of charts with coordinates z^, . . . , z^, Sfe. We call them a family 
of approximately holomorphic coordinates if there exist constants independent of 
k, X (uniform) so that the following estimates hold for all k ^ 1 in the points of 
B(0,O(fci/2)).. 

(1) The Euclidean and the induced metric are comparable to any order, i.e. 

-50 < 9k < 7.90, 7 > 0,and iVVfc.Llso < Oik-'^^),yj > 2 

(2) The kernel of uj, which is D^ , is sent to a line field (fil. ^D^ transversal to 
Dh and such that 

\vl,D^ - D,\,,, < |(zfe,Sfc)|0(fc-i/2), 

\W^{^l,D^-D,)\,, < 0(fc-i/2), Vj > 1 

The pullback of D is transversal to Dy and 

I'PlxD-Dhlg^ < |(zfc,Sfc)|0(fc-i/2), 

\W^{^l,D~Dh)\g,, < o{k-^/^),yj>i 

(3) Regarding the antiholomorphic components, 

\dvll{^k,su)\g, < (|(zfe,Sfc)|)0(fc-i/2), 

\y'dip^^^{zk,sk)\g„ < 0{k-'/')Xj>l, 

where df'^^ is the antiholomorphic component of ^oiT^Dh ° fkx)' ''^'^i^ 
TT]j^ : C" X R ^ C" the projection onto the first factor. 
We speak of Darboux coordinates when the additional condition ip'^ ^kcu ~ ujq holds. 
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Remark 2. According to condition 2 (resp. 3) we have D D^ = Dh © Dy 
(resp. J — Jq) at the origin. For most of our constructions it is enough to require 
the equality up to a summand of size 0{k~^'^) at most, but since these conditions 
are needed to prove results concerning pseudo-holomorphic jets (in particular the 
identities concerning local representations and subsets of transversal holonomy of 
lemma\T^ we choose to ask for them from the very beginning. 



Remark 3. If we are in an almost complex manifold then conditions 1 and 3 
(2 makes no sense) recover the notion of approximately holomorphic charts (resp. 
Darboux charts if we add the Darboux condition on the 2- form). 

Lemma 1. Let (M,D,lu) a compact 2-calibrated manifold (with J, g already fixed). 
Then a family of Darboux charts can always be constructed. 

Proof. Let us fix a family of charts ipx '■ M^"^^ — > Ux depending smoothly on x 
chosen on a small subset Mi of M, so that D © D^ — Dh © D^ at the origin. 
Denote by x^, . . . , a;^", s the coordinates on R^"+^. We compose -0a; with the dif- 
feomorphism 9a;: R^"+^ -^ R^^+i which is the identity on R^" x {0}, preserves 
setwise the horizontal foliation Dh and sends ker ■0*a; to Z?„ . The diffeomorphisms 
Qx depend smoothly on x. 

Now we fix Jo to identify R^"+^ with C" x R and compose with an element of 
Gl(2n,R) C Gl(2ri + 1,R) (again depending smoothly on a; e Mi) so that we obtain 
charts i.px for which the puUback of J at the origin equals Jq. 

By compactness, we can cover M with a finite number of subsets Mi, . . . , Mh in 
which the above charts can be constructed. In this way we obtain charts centered 
at every cc S M (we might have more than one chart for each x € M, but that is 
not relevant) so that the bounds on tensors pulled back from M to the domain of 
the charts will not depend on x . 

We define ipk^x to be the composition ipxopk-1/2, where Pfe-1/2 : C"xR ^ C" xR 
is the dilatation by factor k~^/'^ . 

The equalities at the origin together with the smooth dependence on x of the 
steps taken before rescaling easily imply that we have obtained approximately holo- 
morphic coordinates. 

To obtain Darboux charts we need to modify ipk,x as follows: we apply Dar- 
boux' lemma with estimates (lemma 2.2 in ^) to the almost complex manifolds 
(C" X {Q},'Pl^xJ\c^y-{o}^^*k,x9\C"y.{o}) and the 2-forms Vfc,:cW|C"x{o}- We get diffeo- 
morphisms '^k,x on this leaf that are extended to C" x R independently of the ver- 
tical coordinate Sfc. The bounds on '^k.x and their derivatives coming from lemma 
2.2 in ^ imply that the compositions (fk,x ° '^k,x'- (C" x R, 0) — > {Uk,x,x) still 
define approximately holomorphic coordinates. Moreover, we can assume J = .Jq 
at the origin. 

Observe that by construction the puUback oiui restricted to C"x{0} is wo|C"x{o}- 
Since d/dsk generates the kernel of {(pk,x ° ^fe,K)*w, the 2-form written in the ba- 
sis associated to the coordinates x^ , . . . , xf." , Sk contains no summand of the form 
ujjdxl. A dsk, j — I, . . . , 2n. Hence, it is characterized by is restriction to the leaves 
of Dh. But this restriction is ^o|C"x{sfc}j ior the translation along the vertical 
coordinate is a symplectomorphism. 

Thus, uj is sent to wq D 

Darboux charts are useful because there local computations become simpler. 
Let dk denote the distance defined by the metric gk- 

Recall that in the domain of a Darboux chart we can always fix ^k,x a unitary 
trivialization of L'^'^ whose connection form is A (equation 121. 
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Lemma 2. Let ipk,x'- (C" x M,0) —> {Uk^x,x) be a family of Darboux charts with 
coordinates xj^, . . . ,a;^",a;j," . Let F be a bundle associated to either TM or D 
and let Fu^x ^ S(0, 0(fci/2)) c C" x R denote the pullback of F ® L®^ by ifk,x- 
Associated to the Darboux coordinates there is a canonical trivialization Ck,x,j of 
Fk^x ■ Let Tk be a sequence of sections of F ® L'^^ and use the frames Ck,x,j ^ £,k,x 
to write (p^. ^Tk locally as a function T^ ^. Let Pj be a polynomial such that for any 
multi-index a of length j , j = 0, . . . , r, in the points of -6(0, 0(fc^' ^)) and for all k 
large enough we have: 






<P,(|(zfc,s,)|)0(fc-i/2) 



Then |V'"rfc(j/)|g^ < Qr{dk{x,y))0{k^^'^), where the polynomial Qr depends 
only on Pi, . . . , Pr- Conversely, from bounds using the global metric elements 
gk,dk,y we obtain similar bounds for the local Euclidean elements. 

Proof. A simple calculation based on points 1 and 2 and in the Darboux condition in 
definitionlHl Also notice that the presence of the connection form and its derivatives 
is absorbed by the polynomial, since \A\ < 0{\{zk,Sk)\) and its derivatives are of 
order 0(1). D 

Lemma 121 admits different modifications. It holds in a similar fashion for bounds 
of order 0(1) instead of order 0{k~^'^) and also for sections Tk of F (with Fk^x 
locally trivialized by Cfe.x.j)- 

Let us denote the (0, l)-component with respect to Jq : C" x R ^ C" x M of the 
leafwise derivation operator d^i^ by Oq. 



Lemma 3. Let ipk,x '■ 



coordinates x\, . 



4",sfe 



X R,0) -^ {Uk,x,x) be a family of Darboux charts with 
Let Lk,x -> B{0, 0(fci/2)) c C" X R denote the pullback 
QJ l^t^k ^y (pj^^^^ fjQf Yk be a sequence of sections of L®^ such that (f*^ ^r^ — fk,x(,k,x- 
Let Pj be a polynomial such that for any multiindices a, (3 of length j , j = 0, . . . , r— 
1 and j' , j' = 0, . . . ,r respectively, in the points of B{0, Oik^'"^)) and for all k large 
enough the following inequalities hold: 



Then 



dxr- 



<p;{\izk,sk)\)oii) 



90 



dx\ 



.{do + A°'^)fk 



<PM^k,Sk)\)0{k-'/^) 



90 



\VWkiy)\g,<QUdkix,y))Oil), 



(4) 
(5) 
(6) 



<QrMdk{x,y))0{k-^^^), (7) 

-1 ( resp. Q'j.) depends only on Pi, ... , P,_i, P{, . . . , P/ 
(resp. P{, . . . , P^). Conversely, from bounds using the global elements gk, dk, V, J 
we obtain similar bounds for g^,\ ■ |, d + ^, Jq. 



|V'-iar,(y)|,, 
where the polynomial Qr~i (resp. 



Proof. The equivalence between equations 0] and El is the content of lemma (21 for 
bounds of order 0(1). The equivalence of equations ^ [SI and equations O El follows 
again easily from the properties of Darboux charts. We sketch the case r — 1. 

From now on ^k x'^'^^k x-^^ f*k x9k ^^'^ ^U the tensors and sections pulled back 
to the domain of the charts will be simply denoted hy J, D, gk, .. . whenever there 
is no risk of confusion. 
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Let Ci be any of the local vector fields associated to the first 2n coordinates. By 
condition 2 in definition |H| there exists Ui a local vector field such that et + Ui is 
tangent to D and 

|u4o < \{zk,sk)\0{k-'/^), \d^u,\g, < 0(fc-i/2), J > 1 (8) 

The endomorphism J is defined on D. We can use the orthogonal projection w.r.t 
go onto Dh to induce out of J another almost complex structure Jjj^ : D^ — > Dh- 
Condition 3 in definition [S] implies that 

I Jo - JdX. < (K^fc, Sk)\)Oik-'^'), \d\Jo - Jd,X„ < 0{k-'l% J > 1 (9) 

By definition dei+u,Tk = l/2Ve,+„,Tfe + i/2Vj(e,+„^)rfc. 
Equation IHl combined with lemma [3 implies 

l^u^Tklg, < P[{dk{x,y))0{k-'/^) 

Again equations |H1 and El condition 3 in definition |H1 and lemma |21 imply 

|Vj(e,+„,)^fe - "^J.eMg. < P['idkix,y))0{k-'/^) 

Therefore, the bounds in equation [3 we want for Bei+mTk, are equivalent to the 
same kind of bounds for 

i/2Ve,Tfe+l/2Vj,e,Tfc, 

and by equation |51 for 

l/2Ve.Tfc+i/2V,7„e,rfc 

And by definition 

Bounds for higher order derivatives are proven similarly. D 

Definition 9. (see 0], definition 2.2) A sequence of sections of L^^ has gaussian 
decay w.r.t. x if polynomials {Pj)j>o and a constant A > exist so that ^y £ M 
and yj > 0, 

\y^n{y)\g,<Pj{dk{x,y))e-''''^^-y^' 

The main purpose of the use of Darboux charts is the construction of reference 
sections TJi°^. 

Corollary 4. Let {M, D,uj) he a compact 2-calibrated manifold. Then for all x € M 
A.H. sections t^°^ with gaussian decay w.r.t. x can be constructed. The bounds are 
uniform on k,x and these sections have norm greater than some constant k in 
Bg^(x^p), where n, p > are uniform on k,x. 

Proof. We follow Donaldson's ideas in [2], section 2. Let us fix Darboux charts and 
£,k,x trivializations of L^'' for which the connection form is A. Let f] he a. standard 
cut-off function of a single variable, with /3(i) = 1 when |t| < 1/2 and /3(i) = 
when |t| > 1. 

Define /3fc(zfe, Sk) = P{k''^%Zk, Sk)\). 

In the points where the derivatives of Pk do not vanish we have |(2fe,Sfc)| > 
0(fc^/^). Using this inequality we deduce 

\dpk\go < \{zk,Sk)\^0{k-^/^),\d^(3k\go<\{zk,Sk)\0{k-^/^), 

\d'PkU < 0(fc-i/2), j>3 (10) 

Consider the function f{zk,Sk) — e^'^^''''*''^! '^. We have 

ao/ + A"^V = (11) 
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The reference sections are 



rli ■■= M^k,. (12) 

Eg nation 1101 implies that for any niulti- index a of length j < r, 



d^M 



<P,{\{zk,Sk)\)\f\0{l) 



When we compute V''r^''^ we can always factor out the function /. Therefore, a 
slight modification of lemma El gives the gaussian decay w.r.t. x: 

\^'-Tl%{y)\g,<QAdkix,y))e-^''''<^-'y^'0il), A>0 
The gaussian decay also implies 

|Vr-iU<0(l) 

The bound for |V''~'^5T^°^|gj. is obtained using the same ideas: from equations 
1101 and im it follows that for any multi- index a of length j < r — 1 



^(do + A''')P,f 



<PM^k,sk)\)\f\o{k 

go 
Lemma 13 suitably modified gives for some A > 



-1/2N 



The existence of constants K,p > such that \t'J^I.\ > k in Bg^{x,p), can be 
easily checked. D 

We observe that many of the inequalities we are using (for global tensors) have 
the same pattern. We will introduce a definition that will avoid the excessive 
appearance in the notation of such inequalities. 

Let _E be a hcrmitian bundle with connection, F a bundle associated either to 
TM or to D and let Ek denote the sequence F (g) E (g) L®'^ . 

Definition 10. LetTk^x, A e A, be a sequence of sections of Ek- We say thatTk^x 
is C^ -approximately vanishing (or that the sequence vanishes in the C^ -approximate 
sense) and denote it by Tk^x ^r 0, if positive constants Co, . . . , C^ exist so that 

|V^Tfc,AU<Qfc'i/2, j = 0,...,r (13) 

In what follows the parameter space A will amount either to one element (so we 
have a sequence of sections) or to the points of M . 

Using the above language one of the conditions for a sequence r^ of L***^ to be 
A.H. (definition 13) is that Btu € r(Z?*°'^ (Kii***^) has to be approximately vanishing. 

Remark 4. One final observation is that given r^ an approximately holomorphic 
sequence of sections of L®'" , we have defined V''~^9Tfe e t* M®^ (g) L®^ by taking 
covariant derivatives of drk thought as a section ofT*M(gL®^. We might have 
equally defined W^~^ drk as the image ofV^Tk by the projection pr : T*M®'^^L'®'' — > 
j^*]^0r-i ^ jj*o,i ^ j^(g,k^ j^^ using Darboux charts and lemmas\^ and\^ (with the 
inequalities jV-'Tfelgj, < 0(1), j > 0), one checks that drk ~ if and only if 
fe(V-'rfc)U<0(fc-i/2), ^■>1. 
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3.1. Relative approximately holomorphic theory and symplectizations. 

Definition 11. Let (P, fi) be a symplectic manifold and {M,D,lu) a 2-calibrated 
manifold. We say that I: {M,D,lu) ^-> (P, fi) embeds M as a 2-calibrated subm,a- 
nifold of P if I* ft = w. 

Lemma 4. Let {M,D,uj) a compact co-oriented 2-calibrated manifold. Then it is 
possible to define a symplectization so that {M,D,uj) embeds as 2-calibrated subma- 
nifold. Any fixed compatible almost complex structure and metric can be extended 
to a compatible almost complex structure and metric in the symplectization. 

Proof. Let J and g be fixed c.a.c.s. and metric. The symplectization [M x 
[— e, e], J, 5, J7) is constructed as follows: let t be the coordinate of the interval. 
Let a be the unique 1-form of pointwise norm 1 (and positively oriented) whose 
kernel is D. The closed 2-form 51 is defined to be a; + d(tQ:), where a and to represent 
the puUback of the corresponding forms to M x [— e, e]. If e is chosen small enough 
then rj is symplectic. 

In the points of M the almost complex structure is extended by sending the 
positively oriented y-unitary vector in D^ to d/dt; in those points d/dt is also 
defined to have norm 1 and to be orthogonal to TM . It is routine to further 
extend J to a c.a.c.s. on the symplectization. The metric defined by 57 and the 
almost complex structure also extends g. We will not use different notation for the 
extension of the almost complex structure and metric if there is no risk of confusion. 

We also fix G a J-complex distribution on the symplectization restricting to D 
in the points of M . To do that we choose any line field that in the points of M 
contains d/dt\ this line field spans a complex line field. Its orthogonal w.r.t. g is 
by construction J-complex and extends D. D 

Let (Af, D, w) be a 2-calibrated submanifold of {P, il). Let us fix J a c.a.c.s. on 
(P, r2) so that D is J-invariant and g :— fl{-, J). The restriction of {J,g) to (M, D) 
induces an almost CR structure. We also assume the existence of G a J complex 
distribution that coincides with D at the points of M. The main example to have 
in mind is the symplectization of {M,D,lu) with an almost complex structure as 
defined in lemma 01 

We have at our disposal the approximately holomorphic theory for symplectic 
manifolds ^. At this point we pause to warn the reader that throughout this sub- 
section and the rest of the paper we will be using A.H. sequences of sections defined 
in both symplectic (see definitions in |^) and 2-calibrated manifolds (definition C)) . 
Whenever there is no risk of confusion about the base space we will just speak 
about A.H. sequences of sections. 

Let {Lq , Vfe) be the sequence of powers of the pre-quantum line bundle (Lq, V) — s 
(P, n). This is a very ample sequence of bundles (in the sense of @]), and it restricts 
to a very ample sequence of line bundles (L®*^, Vfe) — > (Af, D, J, g^) (definition IHJ) . 

One expects that if r^ G ^{Lf^ ) is a (symplectic) A.H. sequence of sections, then 
Tk\M'- ^ ~^ L^'^ is also an A.H. sequence of sections (definition [Tj) . Even more, 
it is possible to construct reference sections by restricting (symplectic) reference 
sections centered at points of M. The key point to prove these results is the choice 
of appropriate charts. 

Recall that in C^ — K^^, we denote the foliation whose leaves are associated to 
g distinguished complex coordinates (resp. d distinguished real coordinates) by C^ 
(resp. M"^); their orthogonals arc denoted by C^^^ and M^p^'* respectively. From 
now on if we compare the distance of C^ to any distribution of the same dimension, 
we will assume the latter to be transversal to C^^^. 
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Definition 12. Let (P, f2) be a compact symplectic manifold and G a J -complex 
distribution. A family of (sym,plectic) approximately holomorphic coordinates (resp. 
Darboux charts) tpk.x' (Cp,0) ~~> {Uk.x,x) is said to be adapted to G if 

|Cs - G\g, < |(zfe,Sfe)|0(fc-i/2), |dJ"(CS - G)|<,„ < 0(fc-i/2), Vj > 1 

IC^-^ " G\, < |(zfe,Sfe)|0(A;-i/2), |d^-(CP-^ - G^)|,„ < 0{k-'^'), Vj > 1 

The existence of approximately holomorphic (resp. Darboux) charts adapted to 
G is straightforward. Once we have approximately holomorphic (resp. Darboux) 
charts, we compose with a unitary transformation sending G to C^ at the origin. 

Given a 2-calibrated submanifold (M, D) ^^ {P, $7), in order to select coordinates 
charts adapted to M we fix a distribution T''M defined in a tubular neighborhood 
of M as follows: the neighborhood is defined by flowing a little bit the geodesies 
normal to M. For each point y in the neighborhood, let x G M be the starting 
point of the unique geodesic normal to M through y. Then TyM is the result of 
parallel translating T^M along the geodesic. 

Definition 13. Let (A/, D) ^^ (P, 17) be a 2-calibrated subm,anifold and let G and 
T''M distributions constructed as above. A family of (symplectic) A.H coordinates 
fk,x'- (C^,0) —^ (Uk.xTx) (centered at every point of P) is adapted to M if they are 
also adapted to G and for the charts centered at points of M the following conditions 
hold: 

(1) M sits in each chart as a fixed linear subspace M^"+"'^ x {0} C C and at 
the origin D = M^" x {0} C M?'^+^ x {0}, D-^ = {0} x M c R2"+i x {0} 

(2) |R2«+i -rllAf|<,„ < |(zfe,Sfc)|0(fc-i/2), |d^(M2n+i _TllAf)|<,„ < 0(fc-i/2), 
Vj>l 

We speak of A.H. charts adapted to M and Darboux along M if ifil. x'-^\m — ^o- 

Lemma 5. Let (Af, D) ^ (P, fl) be a 2-calibrated submanifold. Then approxima- 
tely holomorphic charts adapted to M and Darboux along M can always be cons- 
tructed. 

Proof. We start by fixing approximately holomorphic coordinates adapted to G. 
Then we forget about the ones centered at points of M, that are going to be 
substituted by new ones. 

For every x € M, we fix initial charts ipx depending smoothly on the center, at 
least in a small neighborhood around each point, with (J, g) — ( Jq, .go) at the origin. 
Then we compose with maps 8^; : (C^, 0) -^ (C^, 0) that are tangent to the identity 
map at the origin and send M to a vector space in C^. The distribution D at the 
origin is Jg-complex. By composing with a unitary transformation {Dx,TxM) can 
be assumed to be (C" x {0},R2"+i x {0}) c R^^. 

Next we essentially apply lemmaHon the leaf M^"+^ x {0} C M^^ to get Darboux 
charts for M: let 6^; : R2"+i -^ R2"+i be the map which is the identity on C" x {0}, 
preserves the foliation by complex hyperplanes and sends the kernel of u to the 
"vertical" or real line field in R^n+i x {0}. We extend it to a diffeomorphism of R^^ 
independently of the coordinates a;^"+^, . . . ,x'^p. Since the map is by construction 
tangent to the identity at the origin, we keep the properties at the origin described 
in the previous paragraph. 

We now apply Darboux' lemma on R^" x {0} for each x. The result is a diffeo- 
morphism on R^" that can be assumed to preserve Jq at the origin. We extend it 
independently of x^'^'^^ , . . . , x^'^ to a diffeomorphism of C^. 

Notice that at the origin (P>, TAf ) = (R^" x {0}, K?''+^ x {0}), J = Jq, G®G^ = 
C" ® CP-" and kerwp is the Euclidean orthogonal of R^" x {0} C R^"+i x {0}. 
Hence if we apply the dilatation p^-in ■ R^^ ~* R^'' we obtain a family of charts 
with the desired properties. 
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D 

Lemma 6. A family of A.H. charts ipk,x'- (CP,0) -^ {Uk,x,x) adapted to M and 
Darhoux along M constructed as in leninia\^ restricts to M to Darboux charts. 

Proof. It follows because the charts in lemma El are obtained by applying a con- 
struction depending smoothly on the center of the chart to obtain a number of 
equalities for tensors and distributions at the origin, and then rescaling. Hence, 
when we restrict the charts to M point 1 in definition [S] holds. Points 2 and 3 fol- 
low because before rescaling we get the equalities at the origin D D^ — R^" © R 
and J = Jq. The Darboux condition holds by construction. 

n 

Lemma 7. Over -6(0, 0(fc^' ^)) in the domain of charts as in lemma\^ it is possible 
to fix a family of unitary trivializations of (fl ^Lq with connection forms Ak^x such 
that for all k^ \ 

(1) \AkA90 < Oi\z,\), \dAk,x\go < Oil), \d^Ak,x\go < 0{k-^'^), J > 2 

(2) Ak,x^M ~ ^ 

Proof. By construction \ip\ Juj:\g^ < 0(1), \d^ ifl ^ku!\g„ < 0(A;^^/^), j > 1 on 
B{0, 0(fc^/^)). Hence, we deduce the existence unitary trivializations with connec- 
tion forms A'f, ^ satisfying the bounds of condition 1. 

When we restrict the connection forms to M they coincide with A up to a 
exact 1-form dFk^x defined on M^"+^ x {0}; its bounds are as in point 1 above, 
but on ]R^"+^ X {0} instead of on C. We extend it to C independently of the 
remaining coordinates and still denote it by F^^x- It is always possible to find a 
unitary trivialization ^k,x of (fl. ^L^ " whose connection form is A'f, ^ + dFk^x- These 
trivializations give the desired result. 

For simplicity we will denote the family by A when there is no risk of confusion. 

D 

Let G be the J-complex distribution on P that extends D. Given Tfe g r(L^ ), 
the restriction of the covariant derivative of Tk to G will be denoted by VcTfe € 
T{G* (g) L^''). Since G is J-complex, we can write 

VcTfe = Ban + doTk, BaTk e T{G*°^' ® Lf^"), dark e r{G*'° ® Lg'^) 

Lemma 8. 

(1) If Tk'. P ^ L^ ' is an A.H. sequence then Tk\M ■ M -^ L®^ is also an A.H. 
sequence. 

(2) Moreover, the restriction of a family of reference sections of {Lf^ ,Vfe) -^ 
(P, Vl) centered at the points of M (as defined in 0]j is a family of reference 
sections of{L®'',Vk) -^ {M,D,uj). 

(3) If Tk : P — > Lq is an A.H. sequence then BcTk ~ 0. 

Proof. We fix a family of A.H. charts adapted to M and Darboux along M and 
trivialize the bundles Lq ' as in lemma Let x\, . . . , Xj^ be the coordinates and 
write Tfe^^r = fk.x^k,x- 

We first observe that lemmas |21 and |31 for symplectic manifolds also hold for the 
connection forms Ak^x provided by lemma [7| 

By lemma the restriction of the coordinates to M are Darboux charts. We 
can apply lemma [3 for almost complex manifolds, bounds of order 0(1) and the 
connection forms provided by lemma |3 to conclude that the partial derivatives of 
fk,x are bounded by 0(1) in the ball B{0,0{1)) C M^^. In particular, we get 
the same bounds if we only take into account the partial derivatives w.r.t. the 
variables x^, . . . ,a;^"+^ and restrict our attention to 5(0, 0(1)) C M^"+^ Now 
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if we apply back lemma |21 (this time for almost CR manifolds) we conclude that 
|V^(T-/c|Af)lso < 0(1), Vj > 0, in B(0,O(l)) C M.^"+^ and for all x S M, the 
constants being independent of x. Therefore |V^(Tfc|jv/)|gfc < 0(1), Vj > 0, in all 
the points of AI. 

Lemma for symplectic manifolds and the connections of lemma Ogives 



-g^{do+Af:Jfk^x 



<0{k-'^'), (14) 

90 

in B(0, 0(1)) C M^P. Let us consider the splitting C" x C"". The operator 
do + Aj^ ^ and its derivatives can be split into two pieces using it. We consider the 
part involving dz\, . . . ,dz^, for which the above inequalities also hold, but now in 
B(0,O(l)) C R2n+i. Since the restriction of A^^^ to C" x R is A, the restriction 
to M of the piece of Bq + A^^ involving dz\, . . . , dz]^ is the operator 9o + A^'^ of 
lemma |3| Thus we can apply this lemma (we already have the required bounds for 
the partial derivatives of fk,x) to conclude d{Tk\M) — 0? ^nd this proves point 1. 

It is also easy to check that reference sections for L^ centered at the points of 
M restrict to reference sections for L'^^ , and hence point 2 also holds. 

To proof doTk ~ we use the previous ideas: equation 1141 and lemma |3 give 

|V^9c"rfe|g„<0(A:-i/2), Vj>0, 

in 5(0, 0(1)) C K^P, where 9c" is the part of Bq + Ak^x involving dz\, . . . , dz^. The 
choice of A.H. charts adapted to G and the bounds |V^Tfe|gf, < 0(1), Vj > 0, easily 
imply 

\^'{Bc^.Tk - BGTk)\ao < 0(fc-i/2)^ vj > 
and therefore BcTk ^ 0. D 

3.2. Higher rank ample bundles. So far we have only considered approximately 
holomorphic theory for the sequence of Hue bundles (i®'^,Vfc) -^ {M,D,uj), but 
there are obvious extensions for sequences of the form E (g) L®*^, where E is any 
hermitian bundle of rank m with compatible connection. Regarding the local theory 
the role of the reference sections is played by reference basis t^°| i , ■ ■ • , t^'^| „ , where 
each T™^ is an A.H. sequence with gaussian decay w.r.t. x and they are a frame of 
E comparable to a unitary one in i?g^(x, 0(1)). Reference frames are constructed 
by tensoring reference sections for L^'' with local unitary frames of E. 

4. Estimated transversality and approximate holomorphic 

stratifications 

Let Tk be an A.H. sequence of sections of L'^'' -^ {M,D,uj). Proposition Q] for 
codimension 2 submanifolds is proved by pulling back the section of L^'^. To 
obtain Wk a 2-calibrated submanifold Tk has to be transversal along D, so that 
TWk n D defines a codimension 1 distribution on Wk- Next, to make sure that 
Wk n Z) is a symplectic distribution the ratio \BTk{x)\/\dTk{x)\ has to be smaller 
than 1; since Vd = 8 + d, V DTk{x) has to be asked to be not only to be surjective 
but to have norm greater than 0(fc~^/^) (estimated transversality). 

For each point x we can use the reference sections to turn the local estimated 
transversality problem over Bg^ (x, p) into a estimated transversality problem for a 
sequence of functions fk,x ■ B{0,p) C C" x M ^ C, t^: = fk.x'r'^ki (more generally 
C™-valued functions for bundles of rank m). Thus, we have an equivalent local 
estimated transversality problem for a 1 real parameter family of A.H. functions 
from C" to C This problem is known to have solution [51l20|. 



18 D. MARTINEZ TORRES 

A local solution furnished by the use of reference sections will hold over the 
ball Bgf^{x,0{l)), but the reference section is supported in Bg^{x,0{k^^^)). The 
consequence is that there will be interference among different solutions, but unlike 
transversality, estimated transversality does behave well under addition. 

Let ^: R" ^ R'' be a surjective linear map. Recall that |Z| > 77 > if there exist 
a right inverse with norm smaller or equal than 77^^. 

Definition 14. Let (P, g) he a riemannian manifold, {E, V) a hermitian bundle 
over it and Qx a subspace ofT^P. We say that t: P —f E is rj-transversal to at 
X along Q^ if either \t{x)\ > tj or '^ Q-^t{x) is surjective and |Vq^t(x)| > 77. 

If Q is a distribution we say that r is rj-transversal to along Q if the above 
condition holds at all the points where Q is defined (for example when Q is the 
tangent bundle of a submanifold) . 

Let {M,D,u}) he a 2-calibrated manifold, Ek := E ® L®^ and r^ : {M,gk) — > 
(i?fc, Vfc) a sequence of sections. We say that the sequence Tk is uniformly trans- 
versal to along D if ko d N, ry > exist such that Tk is rj-transversal to along 
D for k > ko. 

For a symplectic manifold the definition of uniform transversality along a distri- 
bution Q (possibly the tangent bundle to a 2-calibrated submanifold) is analogous. 

It is possible to attain estimated transversality using both the intrinsic and the 
relative point of view. Using the former, what we do is (locally) solving transver- 
sality problems for 1-paranieter families of A.H. functions from C" to C™. 

Regarding the latter we follow the ideas of J.-P Mohsen developed for contact 
manifolds (see |27j . second lemma in subsection 6.1): if in the symplectization 
(M X [— e, e], n) we are able to find an A.H. sequence r^ //-transversal along M to 
0, then for any constant C, < C < V2/2, there exists fco(C) such that for any 
k > ka the section Tk\M is CT^-transvcrsal to along D. 

4.1. Geometric reformulation of estimated transversality. We recall that in 
this section we deal with estimated transversality along D in a 2-calibrated manifold 
(intrinsic theory) or with estimated transversality along a 2-calibrated submanifold 
M inside a symplectic manifold P (relative theory). Sometimes we might refer to 
both situations as transversality along a distribution Q in the riemannian manifold 
P. 

Since estimated transversality is achieved by combining local solutions, one ex- 
pects to be able attain it to sequences of strata Sk that locally look like the zero 
section of a trivial bundle: the local functions fk' Uk C Ek ^>- C', Skf^Uk = f^^{0), 
should be approximately holomorphic w.r.t to the almost CR structure in the to- 
tal space of the bundles {Ek.^k) — > {M,D,J,gk) induced by the one on M, the 
connection and the hermitian metric on Ek, so that fk ° Tk are A.H. functions (or 
a weaker property that ensures this last condition). One also has to make sure 
that out of some estimated transversality for fk°Tk, it is possible to obtain enough 
transversality for Tk to make the standard globalization procedure work. 

In the relative context Tk'. P ^ Ek the estimated transversality problem along 
M C P (in principle to the section) has the same difficulty as the usual estimated 
transversality problem (this is the work of J.-P. Mohsen |2Z], section 5). Thus, one 
expects this principle to be valid in the case of relative estimated transversality to 
more complicated strata Sk. 

To give a global definition of what transversality to a submanifold S* C -E is, 
we need to recall a more geometric definition of estimated transversality along a 
distribution Q, together with the following concepts (see J2J for a more detailed 
exposition) . 
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Definition 15. Let W be a vector space with non- degenerate inner product so 
that for any u,v € W we can compute the angle Z(m, v). Given U S Grij), W) and 
V G Gr{q,W) p,q > 0, the maximal angle of U and V, Z.yi{U,V), is defined as 
follows: 

In general the maximal angle is not symmetric, but when p = q it has symmetry 
and defines a distance in the corresponding grassmannian (see |28|'). 

The minimum angle between transversal complementary subspaces is defined 
as the minimum angle between two non-zero vectors, one on each subspace. An 
extension of this notion for transversal subspaces with non-trivial intersection is: 

Definition 16. (Definition 3.3. in 28J Using the notation of definition IJ.51 
'^m{U^V) -the minimum angle between non-void subspaces U and V- is defined as 
follows: 

• If dim U + dimV < dim W, then /„,([/, V) := 0. 

• If the intersection is non-transversal, then Zn-i{U,V) := 0. 

• // the intersection is transversal, we consider the orthogonal to the intersec- 
tion and its intersections Uc and Vc with U and V respectively. We define 
^m{U, V) := min„gt/^\{o}mint,ey,\{o}'^(W: v). 

The minimum angle is symmetric. 

The most important property relating maximal and minimal angle is: 

Proposition 3. (Proposition 3.5 in ^^) For non-void subspaces U,V,W of W" 
the following inequality holds: 

^m(f/, V) < ZuiU, W) + Z„,iW, V) 

Let T : P ^ _E be a section of a hermitian bundle with connection and Q a 
distribution on P. Let us denote the puUback of Q to £' by Q. Let TC be the 
horizontal distribution associated to the linear connection and let Tig denote its 
intersection with Q. Finally let Tqt denote the intersection of the tangent bundle 
to the graph of r with Q. 

Lemma 9. When the point t(x) is close enough to the section, so that esti- 
mated transversality is a condition on ^qt(x), then there exists a constant C > 
determined by an upper bounds on |VQr(a:)|, \t{x)\ such that: 

(1) |VQr(x)| > r/ => ZmiTi-Q^TQT) > C^^r/ (the angle measured in Qr{x))- 

(2) Z^iUq.TQT) >ri^ \Vqt{x)\ > Gsimj 

Proof. Let us assume Q — TP. The vector space T^-f^^-^E = 'Ht(x)®T'"Ex is endowed 
with the direct sum metric. We compose with an isometry preserving the direct 
sum structure so that T-ir(x) ® T'"Ex becomes R"^ © Mf' with the Euclidean metric. 

Let h: Tt{x) -^ M.^ be the orthogonal projection, which is onto. By lemma 3.8 
in |2H1 (in their notation Tt{x) becomes U and M" x {0} = 'Ht{x) becomes V) if h 
has a right inverse 6 with \9\ < 77^^, then Zni{T-Cr{x)iTT{x)) > rj. 

By definition we understand Vt(x) as a map with target space the fiber T"" Ex = 
Ex (we project from the tangent space of the total space using the induced metric). 
Therefore Vr = ho dT{x), with dT{x) : TxP — > Tt{x) the usual derivative, which is 
an isomorphism. 

Now if 9' is a right inverse for Vt{x), \6'\ < i]^^, then dT{x) o 6*' is a right 
inverse for h with norm bounded by \dT{x)\r]^^ . Thus, by lemma 3.8 in |28j 

^m{'Hr{x),TT{x)) > \dT{x)\-^ri. 

Conversely, the projection h has always an right inverse 9 of minimum norm. Let 
W :— Tt{x) n 'Hr(x) and Uc := Tt{x) n W-^. If we compose 9 with the orthogonal 
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projection Tt{x) — > [/c, we obtain a right inverse 9 for h^u^ such that \6\ — \6\. If 
now Zi„(7i^(j.), rT(a;)) > 77, then the equation involving inequahties of lemma 3.8 
in |2H1 implies \9\ < (sinr;)"^. Hence dT{x)^^ o 6* is a right inverse for Wt{x) with 
norm bounded by |dr(a;)|~^(sin77)~^. 

When Q is not TP, we fix an isometry sending {Hq^H) at t{x) to (M°' x {0}, W) 
with the Euclidean metric, and apply the above arguments to M" © M''. 

We have C = \dQT{x)\, with dQT{x) the restriction of dT{x) to Qx- Notice that 
a bound for \dQT{x)\ can be obtained from bounds for \t{x)\ and |Vqt(2:)|. D 

Remark 5. In the definition of minimum, angle /Lra{U^V), when U,V are not 
complementary we work with the intersections in {U fl V)'^ where we can apply the 
usual notion of minimum angle for complementary suhspaces. Instead of [U n V)^ 
one might choose any other suhspace W complementary toUHV to give a different 
notion of minimum angle. In certain situations this is a good strategy because there 
are natural complementary suhspaces available. It is easy to see that the new notion 
of minimum angle is comparable to the one of definition \l(A the comparison given 
by multiplying by a constant depending only on Zn-^{UnV, W) (there is no ambiguity 
since these are complementary subspaces) . Actually, those new notions depending 
on the complementary coincide with the one given in \16\ but for a new metric, 
which is comparable to the Euclidean in terms o/Zm([/n V, VF) (very much as it 
happened with the isomorphim dQT{x) in the previous lemma). 

We need a second result relating angles and intersections. 

Lemma 10. Let U, V, W linear subspaces o/R" such that /Ln\{V, W) > 7 > 0. Let 
/-m{U,V) < 6. Then there exists C (j , dimV, n) > such that 



-M 



{ur]W,vnw)<cs 



Proof. For each u G U\{0}, we have Z{u, V) = Z(u, h{u)), where h: M" ^ F is the 
orthogonal projection. We consider a new complementary subspace to V: let Vw be 
the orthogonal to l^n VF in W, and define hw ■ R" ^ F to be the projection along 
Vw- It follows that Z{u,h\Y{u)) < CZ{u,h{u)) = CZ{u,V), and by construction 
iiueUnW, then Z{u, hw{u)) = Z{u, V n W). 

n 

Let S' C -E be a submanifold in the total space of the vector bundle E over either 
a 2-calibrated or a symplectic manifold, transversal to the fibers. Let g be the 
metric in E induced by the connection, the bundle metric and the metric g in the 
base. The submanifold may be open and have a bad behavior near its boundary 
dS — S\S, so given 77 we consider the points in S at distance greater than fj 
from the boundary, the points of S fj-far from the boundary. For any 77 > and 
typically much smaller than fj, let AfsiVi v) be tubular neighborhood of radius 77 of 
the points fy-far from the boundary, and define T''S in Afs{^], fj) as follows: parallel 
translate TS along the geodesies orthogonal to S starting in the points 77-far from 
the boundary of S. 

T^S plays the role of H. We use the notation T^S" := tUS* n Q. 

Definition 17. r is (r],fj) -transversal to S along Q at x if either t{x) misses the 
union of S with A/'s(?7, fj), or t{x) enters in J^siv^ v) ■so that Z^{Tqt, TqS) > rj at 
t{x), or t(x) intersects S in the points fj-close to the boundary with Z^(Tqt, TqS) > 
fj. 

Uniform transversality of Tk along Q to Sk is defined as (rj,fj)-transversality for 
some ri,fj > and for all k ^ 1. 
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Conditions on a sequence of submanifolds Sk of complex codimension I (or more 
generally on stratifications) can be imposed, so that local estimated transversality 
along Q of t^^x over Bg^{x^ 0{1)) to the points of Sk far from dSk is equivalent to 
estimated transversality along Q of a related C'-valued function to f lemma [mi . 

We will consider stratifications S = (S'^),a € Ak- The stratification will be 
required to be finite in the sense that ^{Ak) must be bounded independently of k 
and the boundary of each strata dS^ — Sl\Sl will be the union of the strata of 
smaller dimension 



dsl = \Jsi 



a<b 



Definition 18. Let Ek = E ® L'^'^ -^ {M,D,J,gk) and iS'jt)aeAk finite stratifi- 
cations of Ek whose strata are transversal to the fibers. Let r G N, r > 2. The 
sequence of strata is Whitney C^ -approximately holomorphic [C^ -A.H.) if for any 
bounded open set Uk of the total space of Ek and any e > 0, constants C^,p^ > 
only depending on e and on the size of Uk -but not on k- can be found, so that 
for any point y ^ Uk in a strata S^ for which dg^{y,dS^) > e, there exist complex 
valued functions /i, . . . , /; such that Bg^ {y, p^) n S'^ is given fi = ■ ■ ■ = fi = 0, and 
the following properties hold: 

(1) (Uniform transversality to the fibers + transversal comparison) The res- 
triction of dfi A ■ ■ ■ A dfi to T"" Ek is bounded from below by p^. 

(2) (Approximate holomorphicity along the fibers) The restriction of the func- 
tion f = {fi, . . . , fi) to each fiber is C^-A.H.{C\, k). 

(3) (Horizontal approximate holomorphicity + holomorphic variation of the res- 
triction to the fiber -h estimated variation of the restriction to the fiber) 
For any X,k, and r C^ -A.H.{\,k) local section of Ek with image cutting 
BgAy,Pe), fjOTisC-A.H.iXCk). Moreover, if 9 is alocaW -A.H.{\,k) 
section ofT*T''Ek, dfriO) is C -A.H.{XC^,k). 

(4) (Estimated Whitney condition) For each rj > small enough, there exists 
6{r]) > such that Vj/ G 5*^ at distance smaller than 5 of S'j, C dS\, 
Zm(T"5'^, T5'^) at y is bounded by rj. 



Remark 6. For the main applications of our theory (actually only if we use the 
intrinsic theory) we will need stratifications all whose derivatives are controlled 
(A . H. stratifications) . 

Remark 7. // we give the corresponding definition using as base space an almost 
complex manifold instead of an almost CR manifold, we almost recover the defini- 
tion 3.2 in ^ (our condition 4 is a bit weaker). 

Condition 1 is equivalent to the strata have minimum angle with the fibers 
bounded from below. We just try to mimic the picture of the section w.r.t. the 
fibers of a vector bundle, in which case we even have orthogonality. 

Conditions 2 and 3 guarantee that if r^ : M -^ Ek is A.H., then the corresponding 
C'-valued function to be made transversal to is A.H. 

Condition 4 is an estimated Whitney (A) condition. 

Though so far we have only considered sequences of vector bundles Ek — > 
{M,D, J,gk), we can apply the theory to more general sequences of fiber bundles 
Fk with fiber an almost complex manifold (in principle compact and equipped with 
a compatible metric) and a connection in the bundle compatible with the metric 
and almost complex structure on the fiber. However, we will only deal with pro- 
jectivizations of very ample sequences of vector bundles; by choosing homogeneous 
coordinates of projective space and the associated affine charts, these bundles will 
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be the result of patching vector bundles and all the notions we use will be seen to 
be independent of the afFine charts (the corresponding vector bundle) . 

Lemma 11. Let S^ be a sequence of strata as those in the stratifications of def- 
inition IJiSI for the base space P either an almost CR manifold (intrinsic theory) 
or an almost complex manifold (relative theory). Let e > and < rj ^ e. Let 
y € Ek be a point in the stratum e-far from the boundary, and let /i, . . . ,/; the 
corresponding local functions defining the stratum in Bg^{y, p^). Let t^ be a section 
of Ek whose graph enters in _Bg^(y, p^). Then there exist constants p'(e, 77, |Tfe|), 
C(e,|VQrfc|,|rfc|),C"(e,|VQTfe|,|rfc|) > such that: 

(1) //Z,n(TQT,Tl]5'^) > 77 zn Bg,{y,p,) then Mq(/ o r)| > Csin(77/2) m 

(2) If\dQifoT)\>7^mBg^iy,p,), then A^.iTQT.T^S'^) > C'-\ m Bg^{y, p'). 

Proof. By simplicity we omit the subindices for the sections t^, the bundles and 
strata. 

Let us assume /:^{Tqt,t'^^S°-) > 77. 

Stepl: Show the existence of p'(e, 77, |r|) > such that Zml^gT, kerd/nQ) > 7//2 

According to proposition 13 (proposition 3.5 in |28) 'l 

Z„,(^^5^TQr) < ZM(Tlj5^kcrd/^Q) + Z„,(kerd/nQ,TQT), 
so we need to prove the existence of p' > so that in Bg^ (y, p') 

ZM(Tl]5^kerd/nQ)<77/2 (15) 

Condition (1) in definition 1181 implies /^(kerd/, Q) > 7(e). If we find p' > 
such that in Bg^ {y, p') 

ZM(^ll5^ kerd/) < C(7(e))-i77/2, (16) 

we can apply lemma [TOl where U — T^^S°', V — kevdf, W = D, to conclude that 
equation El holds . 

Equation 1161 is proven using appropriate charts. The situation we are trying to 
mimic is that of a locally trivialized vector bundle and we measure the maximal 
angle between the parallel copies of the section (here the leaves of kerd/) and H 
(here T^^S""). 

Due to the bounds in definition 1181 we can find a chart <i>j, : M" -^ Bgi^{y,p^) 
such that in B{0,0{1)) C M" (i) the metrics go and ^Igk (that we write gk if it 
is clear that we work in the chart) are comparable, and the Christoffel symbols 
of gk are bounded by 0(1) (the bounds being uniform on y and k), and (ii) the 
foliation kerd/ is sent to the foliation R"'"^' . In B(0,O(l)) C R" the stratum S 
becomes R°~^' x {0} and tubular neighborhoods for gk and go are comparable. 
At any point q in the neighborhood, a vector in m G tII^ is the result of parallel 
translating (with gk) a vector v in R"^"^' x {0} over y' £ R"^^' x {0} along the 
corresponding ^fc-geodesic. Since the Christoffel symbols are bounded, Z{u,v) is 
bounded by e^* — 1, F > 0. So by decreasing i, the distance of q to S, we bound 
the maximal angle by C{^)~^ri/2. Therefore, the final radius p' depends on 77, on 
e (because C(7) depends on e) and on how go and gk are related (to order one). 
This final relation depends on / (and hence on e) and on the metric gk (and hence 
on \t\). 

Step 2: Show that Zm(rQr,kerd/nQ) > ry/2 ^ Mq(/ot)| > C(e, |Vqt|, |r|)sin(77/2). 

According to lemma 3.8 in |2H| (or to lemma |5J) the orthogonal projection 

h: Tqt —f (kcrdf n Q) has a right inverse with norm bounded by (sin(?7/2)) 
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Let Ve denote the orthogonal in the fiber T'"E of (kerd/ n Q) n T^'E. Due to con- 
dition 1 in definition 1181 this is a subspace complementary to kerdf n Q and with 
minimal angle bounded from below in terms of p^ and hence in terms of e. 

Let hs ■ Tqt — > Ve be the projection along kerdf n Q. It follows that there 
is a constant Ci(e)^^ > and a right inverse for He with norm bounded by 
Ci{e)~'^{smri/2)~ . We now define 

h" ^df oliEodQT: Q->C' 

By construction h" = dQ{f o t). Condition 1 about the restriction of df to 
the fiber implies the existence of a right inverse for h" with norm bounded by 
\dQT\-^C2ie)-^Ci{e)~^{sm7j/2)~\ Therefore, 

\dQ{foT)\>C{e,\dQT\)sm7j/2 in Bg,{y, p'{e,Tj,\r\)) 
If we now have \dQ{f o t)\ > ?/ in Bg^{y, p^), step 2 above implies 

Point 1 in lemma El gives 

Z^TgrMrdf n Q) > C'(e, iVgrj, |r|)2r7, 
and combined with step 1 we conclude 

Z^iTQT,TJ^S'^)>C'ie,\dQT\)7^ in Bg,(y,p(e,,7, |t|)) 

Observe that the constants C, C" grow very large as e and rj tend to zero. D 

Remark 8. Notice that the previous lemma does not involve almost complex struc- 
tures at all. Hence it also holds for arbitrary hermitian bundles, sections and strata 
which fulfill condition 1 in definition \1^ 

Using again appropriate choices of complementary subspaces to measure angle 
we obtain the following result. 

Lemma 12. Let S — {S'^)aeA be a sequence of approximately holomorphic stratifi- 
cations as in definition \l(^ Assume that the sequence Tk is uniformly transversal to 
S along the directions of a distribution Q whose dimension is greater of equal than 
the codimension of the strata, and that the uniform bound |Vrfe|g^ < 0(1) holds. 
Then for each a ^ A, t^ {^k) is a subvariety of M uniformly transversal to Q. 

Proof See EH- □ 

In particular, the following corollary is deduced. 

Corollary 5. Let S = {S^)aeA be a sequence of A.H. stratifications over the 2- 
calibrated manifold {M,D,uj) as in definition \1 Si Assume that the A.H. sequence 
Tk is uniformly transversal to S along D. Then for each a G Ak, t^ (•S'fe) is either 
empty -if the codimension of S^ is bigger than the dimension of D (or M )- or a 
subvariety uniformly transversal to D. 

For a symplectic manifold transversality along the directions of a (compact) sub- 
variety Q implies that either t^ (S^) is at gk-distance of Q bounded from below or 
it is a subvariety (at least defined in a gk -neighborhood of Q) uniformly transversal 
to Q. 

Corollary for 2-calibrated manifolds is equivalent to saying that uniform trans- 
versality along D implies uniform full transversality. The converse is also true, ex- 
tending therefore Mohsen's relative transversality result to appropriate sequences 
of stratifications. 
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Definition 19. Let S be as in definition \lS\ (over either a 2-calibrated or a sym- 
plectic manifold). Then r^ is uniformly transversal along Q to S if there exists 
strictly positive numbers {rja, fja) for all a G Ak such that: 

(1) For all a G Ak and for all k^ 1, Tk is {r]a, fja) -transversal along Q to S^. 

(2) For each b, Ua<6-'^S'°('?ai ?7a) contains the points of S^ ffb-dose to dS\. 

Corollary 6. Let S = (S'^)aeAfc be a sequence of A.H. stratifications over the 2- 
calibrated manifold {M,D,ui) as in definition \1 Si Assume that the A.H. sequence 
Tk is uniformly transversal to S along TM, for suitable constants {r]a, fja), a Q Ak. 
Then Tk is also uniformly transversal to S along D. 

Proof. By induction we can assume that Tk is uniformly transversal along J9 to 5JJ, 
for every a < b. 

Let q E Sl, with Tk{x) = q fj' -close to dS^. We want to show 

ZUTDTk{x),TDSiiq),)>fj\ 
and we will do it applying for some index a G Ak the inequality 

Z^{TDTk{x),T^^SUq)) < ^M{TlSl{q),TDSl{q))^A,^{TDTk{x),TDSl{q)) (17) 

If fj' is small enough condition 2 in definition llQI implics the existence of an index a G 
Ak such that q G Ns": {Va, fja)- If we apply induction we conclude Zi„(TbTfe(x), Tj^S^{q)) > 
rja, so we only need to make ZuiT^S'^iq), ToSKq)) <C rja] this is done using lemma 
Cniwith U = T^^S^iq), V = TS''{q), W ^ D. We need to check 

ZuiT^^S^M^TStiq)) « r^a (18) 

Z^{TS\q),D) > 7 (19) 

Equation El follows by the estimated Whitney condition by taking fj' small 
enough; equation 1191 uses again the inequality of proposition |21 

Z„,(Arll5,"(g)) < ZMiT\\S^kiq),TSi{q)) + Z^,iD,TSliq)), 

together with Z,„(Z), rllS'^(q)) > 2j (by condition 1 in definition 1 18(1 and equation 

CHI 

So far we deduced some ?7'-transversality only in the points fj'-c\ose to the boun- 
dary of S^ . 

Now let us assume that for some ?7 > 0, Z,n(rrfc(x), rll5^.(x)) > r/ in the tubular 
neighborhood A/'56 (ry, ry') (here comes the requirement on the constants controlling 
the transversality along TM , i.e. in those points ^'-far from the boundary we need 
to make sure that Zyn{TTk{x),T''S^{x)) is uniformly bounded from below). 

If Tk{x) G Afgb{r],fj') then by lemma ITTI n-transversalitv implies jy'-transversality 

to of the function / o t^ : Bg^{x,0{l)) -^ C'. From the approximate holomor- 

phicity of the composition /o r^, for all fc 3> 1 we deduce -^ry'-transversality along 

D, which again by lemma ITTI gives 77"-transversality to Sk along D (we suppose 

V" < ri). 

Therefore, it follows that Tk is (77", ?7')-transversal to S^. along D. 

U 

5. PSEUDO-HOLOMORPHIC JETS 

The main applications of the theory of approximately holomorphic geometry 
for 2-calibrated manifolds are deduced from the existence of generic rank ni linear 
systems. 
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Let US assume that (M, T), J) is a Levi-flat CR manifold, and L ^ M a positive 
CR line bundle. Let C™ -^ M denote the trivial (and trivialized) bundle of rank 
m endowed with the trivial connection. 

Definition 20. A CR section t: M —> C™^^ L (or a rank m linear system of 
L) is r-generic if its zero set B is a CR submanifold of the expected dimension, and 
the projectivization <f>: M\B — > CP™ is a leafwise r-generic holomorphic map, i.e. 
when restricted to each leaf it is transversal to the Thom-Boardman stratification 
of the bundle of holomorphic r-jets of maps from the leaf to CP™. 

The existence of r-generic linear systems (possibly of large enough powers of L) 
has not yet been proved. 

The strong transversality problem for a CR function 0: AI — > CP™ to be r- 
generic is easy to state: we consider j7'p(M, CP"*) the bundle of CR r-jets (of 
foliated holomorphic r-jets) for CR maps from M to CP™. This bundle admits a CR 
Thom-Boardman stratification PS, which restricts to each leaf to the corresponding 
holomorphic Thom-Boardman stratification. A CR function <j> is r-generic if and 
only if its CR r-jet j^0: M -^ J^{M,CF"') (which by definition is the fohated 
holomorphic r-jet) is transversal along I? to PS. 

Assume that our CR submanifold embeds holomorphically in some complex man- 
ifold P and that I? extends to a holomorphic foliation Q. There is a canonical sub- 
mersion pg: J'^(P,CP") -> J'^(P,CP") from full holomorphic r-jets to fohated 
ones. The foliated Thom-Boardman stratification PS C j7g(P, CP™) restricts over 
M to the CR Thom-Boardman stratification PS of j:g(Af,CP"). Let us denote 
the puUback pg-i(PS) by PS^. 

It is an elementary fact that jgcj) G r(j7g(P, CP™)) -the holomorphic r-jet along 
g- is transversal along Q to PS in the points of M if and only iif(l) € r{J''{P, CP")) 
is transversal along Q to PS^ in M. By the results of the previous section, this is 
equivalent to being transversal to PS^ along M. 

To obtain an r-generic linear system there is an additional complication coming 
from the base locus. We first need to make sure that t: P ^ C"*"*"^ ® L is trans- 
versal along M to the zero section, and then solve the r-genericity problem for 
the projectivization (in a compact region of P\t~^ {Q)) . Instead of working first 
with the section r and then with the projectivization, following ideas of D. Auroux 
we restate the whole issue as a unique transversality problem along M for the 
pseudo-holomorphic r-jet extension of t, a section of a vector bundle J7''(C™ ®L). 

5.1. The integrable case. Let E ^r P he & hermitian bundle with compatible 
connection V over a complex manifold, and whose curvature verifies F.^ = 0. The 
total space of the bundle is a complex manifold (theorem 2.1.53 in J21) and there 
is a notion of holomorphic section and hence of holomorphic r-jet. The space of 
r-jets has natural charts obtained out of holomorphic coordinates in the base and 
a holomorphic trivialization of the bundle. They provide a local identification of 
the holomorphic r-jets with J^rm the usual r-jets for holomorphic maps from C" 
to C™. 

Let 9o be the Cauchy-Riemann operator defined (locally) using the canonical 
structure Jq in the base (the chart) and the trivial connection d in C™. The 
connection on the fiber bundle can be used to give a different notion of local holo- 
morphic r-jet (in principle chart dependent) by just considering the operator ds;'. 
if the connection matrix in the trivialization is Aj, = A}^'^ , then the coupled 1-jet of 
a holomorphic section r is defined to be (r, d^T -\- Axt)). Higher order coupled jets 
are constructed by induction using the connection induced by the flat metric and 
V. 
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We notice that locally for the above choice of coordinates and trivialization of the 
bundle, both the usual r-jets and coupled r-jets fiU the bundle (X;^=o(^*^'°^")®'')'^ 
C™ = Jm m where stands for the symmetric part of the tensor product and 
(r*i^°C")" (g) C" for C". This is due to the existence through any point of E 
of holomorphic frames tangent to the horizontal distribution of the connection, 
together with the vanishing Fy' (the latter implying that dA and its derivatives 
are symmetric tensors when evaluated on (1, 0)-vectors). 

For Levi-flat CR manifolds the local model for the pseudo-holomorphic jets to 
be introduced is the following: the base space is (C" x M, Jo,5o) (or rather a ball 
of Euclidean radius 0(1)), the bundle is assumed to be trivialized by a CR frame 
and the curvature is of type (1, 1). The bundle of CR r-jets is denoted by JT^ „ ^ 
(foliated holomorphic r-jets along Dh); its fiber over each point is that of Jnm- 
There is an obvious notion of CR coupled r-jet. The hypothesis on the trivialization 
and on the curvature imply that they are also symmetric, so they fill the bundle 

Using Darboux charts and suitable trivializations this model will be achieved in 
an approximate way in the theory for 2-calibrated manifolds. 

There is a final local model we wish to introduce that would appear in Kahlcr 
manifolds P with a holomorphic foliation Q. Locally, we have holomorphic coor- 
dinates C^ X <CP~s with Q sent to C^ (the foliation with leaves C^ x {•}), and we 
work with foliated coupled jets along the leaves of C. The corresponding bundle of 
coupled fohated r-jets is denoted by J^g „ „• It coincides with J7j„j x <D'~3 . Trans- 
versality problems for this bundle will be transferred to transversality problems in 
JJ„j , so we need no further analysis of its properties, though we will be interested 
at some point in studying the natural submersion JT^ -^ ■^C9pm- This local 
model is achieved in an approximate way in a symplectic manifold (with c.a.c.s. 
and metric) with a J-complex distribution G, by using approximate holomorphic 
charts adapted to G. 

5.2. Pseudo-holomorphic jets. Let us denote the sequence of bundles i?(8)L®'^ -^ 
{M,D,Lu) by Ek- We define the bundles 

r 

J[,Ek:^{J2iD*'^°f')^Ek 

3=0 

The hermitian metric gk\D with the one on Ek induce a hermitian metric on 
J^JjEk- Similarly, the Levi-Civita connection induces a connection on D* (using 
the metric to see D* ^-^ T*M and then projecting T*M -^ D*) and therefore in 
2)*i,o (ygijig tJig splitting Z3*^'"-f _D*°'^); combined with the connection on Ek they 
define connections 'Vk,r- Here we also use the symmetrization map 

sym^:iD*''°f'^iD*'-^'f' (20) 

The definition of pseudo-holomorphic r-jets along D (or just pseudo-holomorphic 
r-jets) for a sequence Ek of hermitian vector bundles is the following (see |3|): 

Let j^^Tk e Jl)~^Ek be the r — 1-jet of Tfc. It has homogeneous components 
of degrees 0,1,. ..,r— 1. We will denote the homogeneous component of degree 
J e {0, ... ,r - 1} by di^^^Tk e r((i?*i'0)®^ (g> Ek). 

The connection Vfc^r-i is actually a direct sum of connections defined on the 
direct summands (D*i'0)©J (g) Ek, j = 0, . . . ,r — I. For simplicity and if there is no 
risk of confusion we will use the same notation for the restriction of \7k,r-i to each 
of the summands. 

The restriction of \7 k,r-idlyi^Tk to D defines a section Vfc^r-i.D^Jy^rj; e T{D* (g) 
^£)*i,o-j0r-i ^ j^^y Pqj. gg^f,]-^ ^ g ]\,j^ j^ jg g^ form on D with values in the complex 
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vector space (£)*i'O)0^-i (g) Ek- Therefore, we can consider its (1, 0)-coniponent 
dd^fJ^Tk G r(£)*i'0 (g) (D*i.O)0'-i (g, Ek). By applying the symmetrization map 
sym^ of equation Em we obtain &[y,,,Tk G r{{D*^'°)®'' Ek). 

Definition 21. Let Tk be a section of (i?fc, V^). The pseudo-holomorphic r-jet 
j^Tk is a section of the bundle J^jjEk = (X]r~ (Z)*-'^'^)®-') (g) Ek defined out of the 
r - 1-jet by the formula fjjTk := {fj^^Tk,dly^Tk). 

Remark 9. The previous definition incorporates the fact that the degree r and r—1 
homogeneous components of the r-jet are symmetrization of the pseudo-holomorphic 
1-jet ofdgyJ^Tk; then we have to add the homogeneous components of lower degree. 
Actually, we could have equally defined j^Tk by taking the symmetrization of the 
pseudo-holomorphic 1-jet of j^ Tk (because this gives the homogeneous components 
of degree 1, . . . ,r) and then adding Tk, the degree zero homogeneous component. 

Remark 10. The pseudo-holomorphic r-jets are useless for our purposes for low 
values of k. The reason is that the metric has to much influence; our only reason 
to use it is to be able to give a global definition of the r-jet as a section of a 
vector bundle, which in approximately holomorphic coordinates and using suitable 
trivializations of Ek is very similar to the local coupled holomorphic r-jets defined 
in C" X R using Jq and the fiat metric (introduced in subsection \5 . 1\) : when k is 
large enough and for A.H sequences, due to the proximity between gk and the flat 
metric, in B(0,O{l)) C C" x M the norm of the difference (at any order) between 
the two notions of jet is bounded by 0{k~^''^). 

For a symplectic manifold (P, fl) with a J-complex distribution G the bundle of 
pseudo-holomorphic r-jets along G will be defined to be 

r 

JSEk:^{J2iG*''°f')^Ek 
j=o 

We use the splitting TP = G© G^ to see jQEk as a subbundle of J'^Ek\ hence 
every section of J^^Ek can be seen as a section of J'^Ek. We also have a natural 
projection pc ■ J^Ek -^ JaEk- To define the pseudo-holomorphic r-jet along G we 
use the same induction procedure as in the definition of pseudo-holomorphic r-jets 
along D, but either before or after symmetrizing we project orthogonally T*^''^P 
over G*^'° (or even before taking the (1,0) component we project from T*Pic to 
G^); the result of either choice is the same. 

Once approximately holomorphic coordinates have been fixed, we have a cano- 
nical pointwise Jq — J linear identification 

TC" -^ D 

d/dx'k ^^ d/dx\ + aid/dsk 

d/dyl ^ J{d/dxl + a,d/dsk) (21) 

The inverse of its dual is a Jo — J-bundlc map 

Wk,^:T*^-°C" -^D*^-° (22) 

It should be stressed that this identification is only important in the ball of some 
gk radius 0(1), the region where our computations have to be more accurate (in 
order to obtain local estimated transversality) . There, for some constant 7 > 

kfc.xiso < 7, \^k,l\9o < 7 and \d'wk,^o < 0(fc-i/2), Vj > 1 (23) 

The gaussian decay of the reference sections will take care of what happens out 
of these balls. We also notice that by writing dz^ we will mean Wk,x{dzl,). 
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Let US assume that we have also fixed a family of reference sections of t^^^ € 
r(L®'^). Using any local unitary basis of E (with bounds uniform on x) together 
with the reference sections, we have a family of trivializations t^°^ , j = 1, . . . , ?7i, of 
Ek in the balls Bg^ {x, p) for all x and for all k large enough. The A.H. coordinates 
and the associated bundle maps zuk,x provide a local basis dz^, . . . , dz^ of Z?*^'°. 
We obtain a family of trivializations of Sf^E^ around any point as follows: for 
/ = (io, ii, . . . , i„), with 1 < iq < m, Q < ii -\- ■ ■ ■ + in < r , we set 

l^k,.j := dzf'' © • • . dz,"®'" r™^„ (24) 

Definition 22. A family of sequences Tk^xj'- M — > E^, is called a family of 
holonom,ic fram.es if: 

(1) They are A.H. sections with gaussian decay w.r.t to x. 

(2) There exist p, 7 > .such that in the balls Bg^ (x, p) and for all point and all 
k large enough the sequences j^Tk^xj '■ M —^ J^^E^ define a frame which 
is ^-comparable to fj.k,xj in the following sense: if we write j^Tk^xj in the 
basis pk,x,i, for the corresponding matrix Mk^x we have 

\Mk,x\go < 7, \Mi:X < 7 

One checks that the notion of holonomic reference frame does not depend either 
on the fixed approximately holomorphic coordinates, or in the chosen reference 
sections of Ek to define pk,x,i- Only the constants involved in the definition change. 

In this situation there is still a weak point. The main goal is to construct sections 
whose pseudo-holomorphic r-jets are transversal to certain stratifications. For that 
we need the pseudo-holomorphic r-jets to be A.H. sections of the bundles Jf^Ef. 
(resp. J^Ek for symplectic manifolds with J-complex distribution G), so that we 
can apply the transversality results from approximately holomorphic theory (to 
be proved in section [TJ. We intend to use holonomic reference frames defined as 
follows: if / is one of the (n-f l)-tuples introduced before we set 

Vk,xj ■■= fnrl%j, where r^^ := (zlf ■ ■ ■ (zfc")*"r-^^ e r{Ek) (25) 

In the Kahler case and due to the presence of curvature (see 151), the coupled jets 
are not anymore holomorphic sections oi J^^ m w.r.t. the complex structure induced 
by the connection. Similarly, the frames i'k,x,i fail to be families of holonomic frames 
because the sections are not approximately holomorphic if r > 1 . 

This difficulty is overcome by introducing a new almost complex structure (a new 
connection) in Jf^Ek (resp. J'^Ek). This is the content of the following proposition 
whose proof is given in sectional 

Proposition 4. The sequence SffjEk — > (M, D, J, gk) -which is very ample for the 
connections V k,r previously described- admits new connections Vk,Hr such that: 

(1) Vfc^r — '^k,Hr G D*^'^ (g) End(J'^-Efe). Hence, if in order to compute the 
pseudo-holomorphic jets f definition \ 2 l\l we use the connections 'S/k,Hr in- 
stead ofVk,r, then the result is the same. 

(2) Let us denote the curvatures of 'S/k,Hr o,nd 'Vk,r by Fk^H^ o.nd Fk^r respec- 
tively. Then Fk^n^ — Fk.r and hence (J]^Ek,'S/k,H^) is a very ample se- 
quence. 

(3) If Tk'. M ^ Ek is a C^^'^-A.H. sequence of sections, j^Tk : M — > JfjEk is 
a C^-A.H. sequence of sections for the connections Wk,Hr-- 

In the integrable model (E, V) —> (C" x K, Dh, jQ,go), with E = Li® ■ ■ ■ ® Lm, 
if the curvature Fi of each line bundle Li, i = 1, . . . ,m, restricted to the leaves is of 
type (1,1) and has constant components w.r.t. the coordinates zi, . . . , z„, then the 
restrictions to each leaf of the curvatures Fh^ and F^ (point 2 above) coincide. As 
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a consequence the new almost CR structure in the total space of JTJ ^ ,^^ induced 
by y Hr is also integrable (the foliation does not vary, just the leafwise complex 
structure). Also if t is a CR section (C^ -valued function) , then the coupled CR jet 
JCR^ is a CR section o/ (J^^ „ ,„, V^,,)- 

In the case of {P, J7) symplectic with a J-complex distribution G, analogous re- 
sults hold for J^^Ek and for the integrable model. 

Proof. As we said we postpone the proof until section |51 but we introduce the 
formula for the connection. 

Let (Tfc = {<Jk,o,o-k,i) be a section (maybe local) of j}jEk. We define 

V/fi (cTfe^o, cTfe^i) = (VcTfe^o, VCTfc,i) + (Oi -F^^akfl), 
where F^^atfi G D*°'^ ® D*^'^ ® Ek (see 0). D 

Remark 11. The approximate equality Fu^.k ^ ^fe has interesting consequences. 
If for simplicity Ek = L^^ , in approximately holomorphic coordinates after the 
local identification of D*^'^ with y*i'OC" and for choices of trivializations Tk whose 
associated connection form is A in equation\^ in the basis (1,0) (E" Tk, (0, dz^) (g) 
Tk, ■ . ■ ,{0,dz]!:)i^Tk, the connection matrix of Vk.Hi in B{0,0{1)) C C" xW is, up 
to summands bounded (at any order) by 0{k~^'^) 

A ■■■ 



■■■ A 

In particular we have a uniform control on the new metric of the total space of 
the bundles J^^Lk (resp. J^Lk). In a similar manner this uniform control also 
holds for the bundles JfjEk (resp. J^Ek). 

The above property will imply that if we have a sequence of stratifications S such 
that for a choice of approximate holomorphic coordinates and reference frames, in 
the associated local basis ^k,x,i of equation^^the strata S^ are given by equations 
(functions) that do not depend neither on k nor on x, then the different bounds 
associated to the strata (basically those of the local functions defining them) will 
not depend on k and x (we can compute them for the corresponding model with the 
Euclidean metric elements). 

6. The linearized Thom-Boardman stratification 

For the very ample sequences Ek there is an easy sufficient condition for a se- 
quence of stratifications to be finite, Whitney and approximately holomorphic. 

Let us denote by T the group of translations of C" x M (resp. C^ in the relative 
case). 

Lemma 13. Let [S'j:)aeA be a sequence of stratifications of Ek —>■ {M,D,uj) such 
that for a choice of approximately holomorphic coordinates and approximately holo- 
morphic trivialization it is sent to S'^aeA, o, CR finite Whitney stratification of 
C™ — > C" X M transversal to the fibers. Then the sequence {S'^)a£A is as in defini- 
tionW^ 

From a Whitney CR stratification o/C™ -^ C" x M transversal to the fibers and 
invariant under the action ofTxGl{m, C) (orT x<C* ), using the local identifications 
of Ek with C'" furnished by A.H. coordinates and A.H. trivializations it is possible 
to induce an approximately holomorphic sequence of finite Whitney stratifications 
ofEk. 
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Proof. Recall that we are interested in constructing A.H. sequences of sections 
transversal to (S^)ai£A', in particular this sections will be uniformly bounded. There- 
fore, for each fc, x we can work in the subset 5(0, 0(1)) x 5(0, R) C (C" x R) x C™ = 
C™, for some R > 0. Let / be a function defining locally a stratum S, which by 
hypothesis can be chosen to be CR. Condition 1 in definition 1181 holds trivially for 
the model S and therefore for {S^)aeA, because when we compare the Euclidean 
metric and gk we get the same inequalities as in condition 1 in definition |H1 

Since the model stratification is Whitney and we work in a compact region the 
Whitney condition implies the estimated Whitney condition for the Euclidean me- 
tric and hence for gk- 

Let Jo be the leafwisc holomorphic structure associated to the canonical CR 
structure of C™ = (C" x M) x C" and let Dh denote the foliation by complex 
hyperplanes. Since the local function / defining S is CR, in particular it is fiberwise 
holomorphic, and this proves point 2 in definition 1181 

Let {D,J,gk) be the almost CR structure on 5(0,0(1)) x 5(0, i?) induced by 
the one on Ek- In order to prove point 3 it suffices to check that / is A.H. w.r.t. 
the this almost CR structure. We are going to slightly modify the induced almost 
CR structure: instead of D, we select Dh- By using the Euclidean orthogonal 
projection, we can push J : D ^ D into an almost complex structure J' : Dh — > Dh- 

Since |d^(5» - L*^)!,,^ < 0(fc-i/2)^ for aU j > 0, then/ is A.H. w.r.t. {D,J,gk) 
if and only if it is A.H. w.r.t. {Dh, J' , go) (this appears in the proof of lcmma|3J). 

In C"* = (C" X M) X C™ we have canonical coordinates z^, . . . , z^, Sfc, u^, . . . , u™. 
These are CR coordinates w.r.t (Dh, Jo). By hypothesis 

df df df df 



'^ dzl dul, diiv 



= 



If we show that z\,...,z^, ^k,ul, . . . , u™ are A.H. coordinates for {Dh, J', go) 
then we are done (this is again lemma |31 in the absence of connection form) . But 
this follows from the fact that the trivialization of C™ is given by an A.H. frame 
and therefore the induced distribution (by the connection form) 7i on Dh is such 
that \d^n - Jo'H)\g„ < 0{k-^/^), for all j > 0. 

To prove the result in the other direction, we fix A.H. coordinates and A.H. 
frames for Ek- The T x G/(TO,C)-invariance of S'^a^A C C™ means that the local 
identifications define a sequence of global stratifications, and that these do not 
depend either on the A.H. coordinates or on the A.H. trivializations. It is an 
approximately holomorphic sequence of finite Whitney stratifications by the first 
part of the proof. 

D 

In contrast to what happens for 0-jets, it is not easy to find non-trivial approxi- 
mately holomorphic stratifications for higher order jets. The difficulty comes from 
the fact that the modification of the connection of proposition 0] that makes the 
r-jets of A.H. sequences of sections of Ek into A.H. sequences of sections of JJ^Ek, 
makes it very complicated to guarantee that the strata are given by functions whose 
composition with an A.H. section is an A.H. function. 

Example 1. Let Lq be the sequence of powers of the pre-quantum line bundle of 
a symplectic manifold. Let us consider the following sequence of strata in J^Lf^ : 

^k.p = {(a-o,cri)|cri = 0} 
Using the base iik,x,i of equation \24\ where I — 1, . . . ,p, and taking reference 
sections in Darboux charts, we get coordinates z\, . . . , zf,, v^, v\, . . . ,v^ for the total 
space. Efe^p is then defined by the zeros of the function f — {vj., . . . , v^) : C^^^"'^ — > 
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C^, which is not holomorphic (or A.H.) w.r.t. the modified almost com,plex structure 
of the total space. Otherwise, the composition f o j^ {zIt^^I.) would be A.H., hut that 
composition is (1 + zl.z\, z\z1, . . . , z\z1). 

Actually, we cannot find A.H. functions f defining T^k^p-' let us work in Darboux 
coordinates with the canonical complex structure Jq in the base. Assume that ^k,x,i 
is built out of the reference section e~'^''' '^^, where ^ is a unitary trivialization of 
Lji whose connection form is A. Then J^Lf^ becomes locally 0' with diagonal 
connection matrix AIp+ixp+i- Proposition^^ for complex manifolds implies that 
the modified almost complex structure on C^ is integrable. The submanifold z"^ = 
■ ■ ■ — z^ — v'^ — ■ ■ ■ = v^ ^ is complex w.r.t. the modified almost complex 
structure. Therefore, we can restrict our attention to the case p = 1. The sections 
jj^Q[e~l^'°l '^^, ihoi-^fc^" ^^ '^'^^ ^y proposition^ holomorphic. If we use it to 
trivialize J^Lq^ in a neighborhood of the origin, then we obtain a new identification 
with C with its canonical complex structure. Let Zk,tk,Sk be the new complex 
coordinates. A short computation shows that 

vl = tk+ ZkSk 

vl = -Zk/2tk + (1 - ZkZk/2)sk 
Hence away from the origin Y,k,p admits the parametrization 

[zk, Sk) ^ {zk, Sk,Sk{2/zk " Zk)) 
Therefore, Tik,p is not holomorphic w.r.t. the modified almost complex structure, 
and it follows that we cannot find f A.H. defining T,k^p locally. 

6.1. Quasi-stratifications. For the applications we have in mind the notion of 
stratification has to be weakened. We start doing it for the local model (endowed 
with the trivial connection). 

Let a £ S C i7d^^„,„- We say that a G ^{>Jo „ „J is a local representation 
for a if a{0) = ttJ^+^ct (7rj;+^ : J^\^ -^ Jfj „.„j the natural projection) and 
a = i\) a(0) e Jd^\ ,„! where j\i a (or j^j^a if there is no possible confusion 
about the CR structure) denotes the CR 1-jet of a. The last equality should be 
understood in the following sense: the degree 1-component of the 1-jet should 
give an element of J^Jy „ „, (with vanishing degree homogeneous component) and 
whose homogeneous components of degree 1, . . . , r + 1 coincide with those of a. 

Definition 23. (see 0j Let S be a submanifold of J[)^j^j^ (resp. Jcspm)- 
We define Qs to be the set of points a Cz S for which there exists an (r+l)-jet a 
(resp. (r+l)-jet along G) such that n^'^^a = a and with a local representation a 
intersecting S in a transversely along Dh (resp. along C^ ). We refer to Qs as the 
holonomic transversal subset of S . 

It can be checked that if S is invariant the action of T x {Gl{n, C) x Gl{m, C)) -the 
second factor Gl{n, C)xGl{m,C) acting fiberwise- (resp. Tx {Gl{g, C)xGl{m,C))), 
then Qs has the same invariance property. 

When an (r-l-l)-jet a is represented by a local section of J"[) „^, in order to 
check whether tt^+^ct e S belongs to 8s the local representation is essentially 
unique: regarding transversality, it is enough to consider the degree 1 part of the 
Taylor expansion in the coordinates z^, z^, . . . , z^, z^ (we turn the section into a 
function using the basis /i/). The degree part is determined by the r-jet, the 
hypothesis imply that the antiholomorphic part is vanishing and the holomorphic 
part is determined by the (r-l-l)-jet. That means in particular that we can restrict 
our attention to CR representations if necessary. 



32 D. MARTINEZ TORRES 

The importance of Os is two-fold: on the one hand it will be used to define the 
stratifications we are interested in. On the other hand it is a very relevant subset 
when we study transversality to the strata: indeed, if t is a CR section of C™ 
and a := fjj.T is such that q;(0) — a and a ^ Gg, then a cannot be transversal 
along Dh to 5 at cr (notice that a := (t(0), dD^a(O)) = ^^^^^(O) G Jct.n.m' ^'^^ 
therefore a is a local representation of it). The consequence is that if S\^s C 95", 
transversality of r to S* implies that r misses a neighborhood of S\Qs in S' . 

Definition 1231 extends to strata Sk C J]^Ek (resp. JqE}^): we have a notion 
of pseudo-holomorphic 1-jet of a section of JjjEk (resp. pseudo-holomorphic 1- 
jet along G of a section of JqEu) -because we have a connection ^ h.d (resp. a 
connection on JqEi, defined out of V_y and the projection pc- J^ E^ — + JqE^)- 
and hence the notion of local representation. Then Qs^ a-re those points a with 
lifts a having a local representation transversal to Sk at a along D (resp. G). 

Recall that associated to a family of A.H. charts we have identifications Wk,x '■ T*^''~'C^' 
D*^'°. If we also fix a family of A.H. trivializations of Ek over the charts there is 
an induced identification 

^k,x ■ Jh^k -> Jo^.n^m (26) 

Lemma 14. Let Sk be a sequence of strata of J^f^Ek, where either r = Q and 

Ek = E® L®'', or Ek = C" and r e N. 

(1) If Ek — C™ assume that for a choice of A.H. charts Il-k,x{Sk) = 5", where 
S C J^fj „ „ is invariant under the action T x Gl{n, C). Then life x{^Sk) — 
Os. 

(2) The same result holds for E ® L'^^ and r = 0; we need to fix A.H. triviali- 
zations of Ek (so life. a; is defined) and require invariance of S G C"* under 
the action o/T x Gl{m,C). 

For jets along G we have analogous results, but we need A.H. charts adapted to G 
and we ask for T x {Gl{g, C)) -invariance of S instead of for T x Gl{n, C) -invariance. 

Proof. Since S is G/(ri, C)-invariant, so is Qs- 

We have the local identifications Ilk,x '■ Jh^k -^ Jh n m- 

Let y S M belong to B{0, 0(1)) in the domain of the charts centered at xi and 
X2, for some k. Then there is a fiber bundle isomorphism 

'^k,xi,X2 ■ ■JDh,n,m ~^ '-'Dh,n,m \^') 

defined as follows: for each point y in the intersection of the domains of the charts, 
the restriction of the differential to D is a complex J-linear map Ly. Consider 
the linear map xuk,x2 °L*yO vj^]^^ : r*i'OC" -^ T*^fii^n^ ^j^j^^j^ belongs to Gl{n,C). 
^k,xi,x2 in the fiber over y (or over the origin in both charts due to the T-invariance) 
is the vector space isomorphism induced by Wk.x^ ° -^y ° ^k X2 (^-nd the identity 
acting on the C™ factor of the tensor product). 

Since 5 is invariant under the T x G/(ri, C)-action, ^k,xi,x2{(^s,S) — (05,5). 
In particular the pair (O5, 5) does not depend on the chosen family of A.H. charts. 
We construct an appropriate family of A.H. charts (there is no Darboux condition 
involved here) by the usual rescaling procedure, but starting from normal coor- 
dinates composed with a linear transformation so that {D,J) = {Dh,Jo) at the 
origin. Recall that since Ek = C™, the connection Vfe^r on J^Ek is just induced by 
the Levi-Civita connection (in the C™ factor we use the trivial one d). Hence the 
pushforward of 'Vk,r by Hfe^^; to J^ „ „j has vanishing connection form at the ori- 
gin. Since we also have {D ® D^ , J) — {Dh © Dy, Jq), for any section a of JJ n m 
we have jjya{0) = jjy a{Q). Therefore, the local representations at the origin for 
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the canonical CR structure and the induced one coincide. From that and D ~ D^ 
at the origin we conclude llk,x{'S)Sk) = ©s- 

Point 2 is proven in the same fashion. The G/(?Tt, C)-invariance implies that we 
can choose any arbitrary family of A.H. trivializations. What we do is selecting 
trivializations such that the connection form over the origin is vanishing (here we 
deal with the connection Vfc on Ek). 

Notice that we cannot state point 2 for higher order jets because we do not 
whether the action of Gl{n,C) x Gl{m,C) allows us to kill at the origin of each 
chart the connection form of the modified connection \/k,Hr- 

For the relative results we start by modifying a bit the vector bundle isomorphism 
ruk,x ■■ T*'^'°CP -^ T*^,Op. ^Yie original Jq- J-complex map TCP -> TP can be easily 
arranged to be compatible with the splittings TC^ TC^'^ and G®G-'-. Due to 
the T X {Gl{g, C))-invariance we are free to pick any family of A.H. charts adapted 
to G. The ones we need come from rescaling normal coordinates composed with a 
linear transformation sending (G ® G^, J) to (C^ ® C^^^, Jq) at the origin. In this 
coordinates the connection form on T*^''^C^ is vanishing, because we project the 
Levi-Civita connection which is already vanishing at the origin. Hence the 1-jets 
along G and C^ at the origin coincide (also because of the equality (G G-^ , J) to 
(C^ © C^~^, Jo) at the origin), and this proves the result. D 

The only relevant strata Sk C J]jEk for which we have to consider the subsets 
QSk ^-rs the zero sections Zk- In that case (see ^) the subsets Qz^ are those r-jets 
whose degree 1 component is onto. 

Definition 24. An approximately holomorphic quasi- stratification of J^J^Ek is an 
approximately holomorphic stratification in which if a strata Sk 7^ Zk approaches 
Zk, then it accumulates into points of Zk\Qzk- 

6.2. The Tiiom-Boardman-Auroux stratification for maps to projective 
spaces. Let Ek = C™"*""^ (g) L®'^. Let Z°,. . ., Z"^ be the complex coordinates asso- 
ciated to the trivialization of C^+i (at any fiber) and let tt: C™+i\{0} -^ CP" be 
the canonical projection. Consider the canonical affine charts 

fz^ z*-i Z'+i z™ 

[Zo : • • • : Zm.\ I > 1^0'"'' ^o ' Z^ ' ' " ' ~Z^ 
For each chart ipi we consider the bundle 

r 

J£(Af,C™), := (^ (i?*i'")®') ® C" (28) 

j=o 

We now bring back the discussion at the beginning of sectional Assume for the 
moment that M is a Levi- flat CR manifold and fix a family of CR charts. Over 
each of the balls Bg^ix^OiV)) we have the bundles Jf^ nm'^'^ ^^ r-jets. Notice 
that if we use the frames fik,x,i of equation 1241 thev are vector bundles. 

The local bundles JT^ „ ^ glue into the non-linear bundle J^{M, C™)i (we will 
also use the notation J^^{M, C™)i): let y G M be a point belonging to two different 
charts centered at xq and xi respectively. If we send y in both charts to the origin 
via a translation, then the change of coordinates restricts to the leaf through the 
origin to a holomorphic map fixing the origin. The fibers over y are related by the 
action of the holomorphic r-jet of the bi-holomorphism. If we only take the linear 
part of the action -which is the vector bundle map ^k,xi,x2 of equation 1271 - we are 
equally defining a bundle, for the cocycle condition still holds. Moreover, it is a 
vector bundle. Besides, since we only use the linear part we do not need either D 
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or J to be integrable. This bundle is J'[){M,C™)i as defined in equation 1281 fwhat 
we defined there is rather a sequence in which the metric in the D*^'^ factors is 
induced from gk). Thus for Levi-flat manifolds the vector bundles J'[){M, C™)i are 
"linear approximations" of the non- linear bundles J'Qj^{M,C"^)i. 

Proposition 5. 

(1) The vector bundles J72(M, C™)i can be glued to define the almost complex 
fiber bundles J7^(M, CP™) of pseudo-holomorphic r-jets of maps from M 
to CP™, so that their fibers inherit a canonical holomorphic structure. 

(2) Given (j)k '■ M — > CP™ there is a notion of pseudo-holomorphic r-jet ex- 
tension j^(f)k'- -A/ — » i/^(A/, CP™), which is compatible with the notion of 
pseudo-holomorphic r-jet for the sections (p^ o ^j. : M — > C™ of definition 
\M If(f>k-M^ CP™ IS an A.H. sequence then fj^cjik : M -> J2(M, CP™) 

is also A.H. 

Analogous results hold in the relative setting for the bundles j/''(P, CP'") and 
J'q(P,CP"^). Also there is an approximately holomorphic sequence of canonical 
submersions pc'- i/'"(P, CP™) — > J72(P, CP™). These submersions are left inverses 
of the natural inclusions Iq : Jg[P, CP") -^ J''(P, CP'") so that for cj)k: P ^ CP™ 
an A.H. sequence, j^(f)k- P ^ J5(P, CP") ^ J^''(P,CP™) is A.H. 

Proof. Let us denote the change of coordinates ip'^ o ip^ by "^ ji . 

For any y € M the points in {y} x {U, nUj) C Jo{M, C™)^ are identified with 
points in {y} x {Ui n Uj) C J]j{M,<C™)j using the same transformation j^'^ji in 
Jnm induced by the holomorphic change of coordinates ^j,. In other words, if we 
take an approximately holomorphic chart centered at x say and containing y, we 
get as in equationlJEla vector bundle isomorphism 'iik,x,i ■ JhiM^ C™)i — > J^j^ „ „. 
Thus for a € J[,(M,C"')i there exists P: C" ^ C™ a CR function such that 
nfe,x,»(cr) =fD^F{x). 

The bundle map we define is: 

^ ^ n^i,(jk(*.-.°^)(^)) (29) 

This map does not depend either on the charts: if we have a point y in two 
different charts centered at xi and X2, then we saw in the proof of lemma IT^ that 
the vector space isomorphism ^k,xi,x2 ■ JB n m ^ ^h n m ^^^ induced by T € 
GKji, C). The bundle map of eauation l29l is equivariant w.r.t this action, because in 
the CR setting it is equivariant w.r.t the action in the base of CR transformations. 
Hence, the result follows by considering the affine CR transformation sending y in 
the first chart to its image in the second and whose linear part is T* x I : C" x M ^ 
C" xM. 

Equivalently, the r-jet of $ji o P admits a coordinate free expression only in 
terms the r-jet of P. 

Remark 12. // our manifold is CR and we have x belonging to two different CR 
charts, then there is a natural induced identification J"[,^ nm ^ ^Dh n m '^''^^^ ^^^ 
points belonging to both charts. This identification is just the action of the CR r-jet 
of the change of coordinates. We observe that this is not the action of ^k,xi,x27 with 
is just the action of the 1-jet of the change of coordinates (the only one available 
for almost CR structures). 

Therefore the identifications j^'^ji give rise to a well defined locally trivial fiber 
bundle J5(M,CP™). 
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The fibers of J75(M, CP™) admit a canonical holomorphic structure because 
using the local identifications Ilk,x,i the fiber is some C^ and the change of coor- 
dinates is a holomorphic map (because it is the holomorphic r-jet of ^ji), and this 
proves part 1. 

Let (f>: {M, J, D) -^ CP™. Its pseudo-holomorphic r-jct j£,(/) is defined as follows: 
the affine charts of projective space induce maps (pi := (^^^ o 0: Af ~> C™. Using 
the trivial connection d in this trivial vector bundle and the induced connection on 
£)*i'0^ we can define the corresponding pseudo-holomorphic r-jet j}^4'i (definition 
1^ . We must check that f^(j)j = f'^ ji{j}j(j)i). 

More generally instead of using a holomorphic difFeomorphism "^ ji : C™ -^ C", 
we consider any holomorphic map H : C™^ -^ C'"^ and use the local identifications 
^K.^s- Jh[M,<C^^) ^ J5,^,„.„^, s = 1,2, to induce a map f H : JS(M,C™0 ^ 
J2(M,C™2), so that for a function 0: Af -> C™i the equation j^(iJ o (/)) = 
fHifj,(j>) holds. 

The proof is by induction on r. First we may assume ?7i2 — 1 and it is enough 
to check the equality for the degree r homogeneous component of the r-jet. We 
shall denote the degree r-homogeneous component of j^H by cf H; recall that 
dJ'H{j^(p{x)) depends on the components of every order of j^(j){x). Let F = 
(Fi, . . . , F"!) : C" X R ^ C™i be a CR function such that 

Also the degree r-homogeneous component of j^ F is denoted by OqF. By 
definition 

5fy„</)(x)=ai^F(x), j=0,...,r (30) 

Once we use the identification d(t){x) — doF{x), we have 

dH{dp{x)) := dH{d^F{x)) = Y, ^doF^i^), (31) 

a—1 

and using the identification of equation 1301 back we conclude 

AH{dp{x)) = dH{doF{x)) = V j^drix) (32) 

The partial derivatives of H are evaluated on (l){x) — F(x), but we omit it in the 
notation. 

The computation of d{H o 4'){x) is done by firstly taking in W{H o (l)){x) its 
projection over D* (or restricting the differential to D). Since 



ViHop)ix)=J2^Vr{x) (33) 

a—l 

is the sum of partial derivatives of H multiplied by the components V(j)a{x) of 
\/4>{x), taking \7d{H o (j)){x) amounts to substituting in equation 1331 the factors 
V0''(a;) by Vi30''(a;). 

Next the holomorphic component is singled out; since H is holomorphic, d{H o 
4>)(x) is computed by taking the component d(jf'{x) of Vd0''(x) in equation 1331 
Thus we obtain the same result as in equation 1321 

Regarding the 2-jets, 

™i Q2rr ™^ 8 H 

b,a=l c=\ 
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SO using equation 1201 we have: 

d^H{jlcp{x)) = Y. ir7tpr-,dr{^) ® d<i>Hx) + J2 jh^syn^^^i^) (35) 

b,a=l c=l 

To compute d'^y^{H o <p){x) we first differentiate d{H o cj)) at x: 

S/diH o <^)(a;) = ^ "I ^ S/r{x) ® 5(/.''(x) + ^ ^va0^(x) (36) 

, 1 cfQZ Oqz Oqz 

Taking the component along D and then the holomorphic part amounts to sub- 
stituting in equation 1361 V(/)° (x) by 90°(x) and V90^(x) by 9^0^(x): 






a^(i7o0)(a;)= ;^ ^^a0''(x)®a0''(:r) + ;^^9>^(x) (37) 

We need to show that symmetrizing equation 1371 amounts to writing d^ (j)'^{x) 
instead of d'^(t>'^{x). 

In equation l37l we have terms of "type" 2 -those containing a second derivative of 
4>- and terms of "type" (1,1) which contain the tensor product of two derivatives of 
4>. Terms of "type" (1, 1) are aheady symmetric (just exchange the indices a,b); the 
symmetrization -being a hnear projection- does not alter them. Now one checks 
that the symmetrization of each summand ^^d'^(lf{x) is exactly ^^d'^y^4>'^{x). 

By induction we assume (T H {j^(l){x)) — 9Jy^(-ff o (j)){x). 

By a partition of r of degree s we understand any (ordered) s-tuple (ri, . . . , r^), 
I < s < r, I < rj < r, ri + ■ ■ ■ + rg ^ r. In the computation of dT H (j^(f){x)) := 
dQ{H o F){x) we get an algebraic expression whose summands are of the form 

^°' '^ d^a'F''{x)®---®d^QF''ix), (38) 



9^^z*i...9^^z 



each belonging to a partition (ri, . . . , r^). Notice that to some partitions correspond 
summands that are originated from different partitions of r — 1. For example, in de- 
gree 3 we have (1, 2)-terms coming from the derivation of the terms of "type" 2 and 
others obtained from the derivation of the (1, l)-terms. We do not add summands 
of the same "type" , but keep them distinguished. By induction we assume that 
dlyj^{H o (/i)(x) is computed by the same algebraic expression as d''iJ(j^^F(x)), 
but writing in the summands in equation 1381 dJ,^ d^^ in place of d^ F"^^ (x) and then 
evaluating at x. 

To compute dly^{H o (j)){x) we have to firstly differentiate the algebraic ex- 
pression that computes d^y^{H o (/))(a:). From the previous assumption a one 
to one correspondence compatible with the partitions between the summands of 
d^~^^H{j^J^F{x)) and of V9Jy^(if o (l)){x) can be established. It is clear that re- 
stricting to D and taking the (1, 0) component does not affect to the identification. 

In each summand of dd^y^{Ho(j))[x) all the factors but possibly one in the tensor 
product are of the form dayra4>^' and hence already symmetric; the different one is 

of the form ddsymfj)^^ ■ 

Observe that the symmetrization of each summand in dd^y^{H o (j)){x) amounts 

to putting instead of ddsyia4>^^ , its symmetrization 9sym <p^^ and then symmetrizing 
the resulting expression (this is an elementary result concerning symmetric products 
which is proved by suitably regrouping the permutations) . 
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Thus we have proven that 

but (Y^^H{fj^^F{x)) is already symmetric. Therefore, we conclude 9JJ^(iJo 
(j)){x) = d''+^_ff(j^ <t>{x))i where the equality also holds for each summand in the 
algebraic expression computing both quantities. 

Hence the pseudo-holomorphic r-jet of a map to CP™ is well defined. 

To be able to say when a sequence of functions of J"^ (M, CP™) is A.H. we need to 
introduce an almost CR structure in the total space of the r-jets. This can be done 
using a connection (for example out of the Levi-Civita connection associated to the 
Fubini-Study metric in the projective space and of the connection on D*). In our 
case we choose to do something different but equivalent: we use the identifications 
with J'jj{M^ C'")i. Each of these trivial vector bundles with trivial connection has 
a natural almost CR structure. Let Ki C Ui be compact sets whose interiors cover 
CP™. We have the corresponding subsets Jh{M, ^~\K,)) C J£(M,C")j 

We say that at: M ^ JBi^^ CP™) is A.H. if there exist constants (Cj)j>o such 
that for all X G M and for all j > 1 



max. 



ie 



{0,....m}\'^^if'Pi^°<^k)ix)\g, < Cj, 



max. 



ie 



{o,....m}\y'-'difipr'oa,)ix)\,, < C,k-''\ 



where for each x we only take into account those indices for which (Tk{x) belongs 
to the interior of JJ^{M, Ki). 

Notice that in the local models the identifications j^'^ji are holomorphic, there- 
fore when restricted to subsets associated to compact regions of C™ and C™ the 
sequence of maps f'i'ji: J[,{M,C"')i -> J5(M,C")j is A.H. In particular, the 
notion of a sequence ak- M ^ J7^(M, CP™) being A.H. does not depend on the 
covering Ki. It is also clear that if a sequence of functions (j)k is A.H., then JB(t>k is 
also A.H.. This proves point 2 of the proposition. 

If (P,^) is symplectic the definition of J''"(P, CP™) is the same (we just do 
not need to project the full derivative into the subspace D*). When we have a 
J-complex distribution G there is an analogous definition of the bundle of pseudo- 
holomorphic r-jets along G. Using the previous affine coordinates of projective 
space we consider the sub-bundles 



J-5(P,C'"),:=(^(G^ 



a.o\0J\ 



where J^{P, C"), C J''{P, C™)^ via the splitting G ® G^ ^ TP. 

It is easily checked using the identification between Jp„i and J{P, C™) coming 
from approximately holomorphic coordinates adapted to G, that the diffeomor- 
phisms f'^J^■. J''{P,C"')^ -^ J''{P,C"')j preserve these sub-bundles. 

The proof that shows that the j'^(j> is well defined is exactly the same we gave for 
2-calibrated manifolds; a small modification shows that JqCJ) is well defined (instead 
of keeping the component Vd of the odd dimensional case, we project over G*). 

Going to the models furnished by approximately holomorphic coordinates adapted 
to G, the submersion pc : J^p,^ -^ J(^g „ „ is just a projection on some of the holo- 
morphic coordinates, and therefore it is an approximately holomorphic sequence of 
maps. 

Using approximately holomorphic coordinates adapted to G it is straightforward 
to check that if (/)fc : P — > CP™ is A.H., then both jg^fe and f (i>k are A.H. sequences 
of J^''(P,CP'"). D 
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We recall that Z^ denotes the sequence of strata of JJ^Ek (resp. J'^Ek, JqEi^ 
of r-jets whose degree 0-component vanishes. We define J[)El := J]jEk\Zk (resp. 

Proposition 6. 

(1) There exists a bundle map j^i:: J'^yE^l -^ ^/^(Af, CP™) which is a fiherwise 
holomorphic submersion. 

(2) For any section Tk of Ek, in the points where it does not vanish and its 
projectivization (pk is defined the following relation holds: 

fA3Drk)=fD<l^k (39) 

In the almost complex case we have an analogous map j^tt, and for Tk'. P ^ Ek 
the relation 

fT^{frk)=f{TTOTk) (40) 

Given G a J -complex distribution we have the following commutative square of 



bmersions: 










TEl 

j^'-(p,cr") - 


pa 


qr rp* 




PG 


fir 

^ J5(p,cp") 



(41) 



If JQTk is a section of JJqE^, for the restriction of j^n we have: 

fArGrk)=jhi^oTk) (42) 

Proof. We define j'^ir to have the same expression as in the integrable case. That 
means that we fix approximately holomorphic coordinates and a section trivializing 
L***^ and a local frame of E = C™^^, so that the r-jet a in question is identified 
with the usual CR r-jet in a point a; of a CR function F. Then j''7r(cr) is defined 
to be the CR r-jet oi n o F. Notice that for an appropriate chart ip^^ of projective 
space, 

fnia) := n^UfnA^i' ° ^ ° F){x)) E J'i,(Af,C'"), (43) 

The arguments in proposition [S] that showed that the bundles i7^(M, CP™) are 
well defined, also prove that j'^Tr{a) is well defined independently of the approxi- 
mately holomorphic coordinates and of the chart of CP™ we used; it is as well 
independent of the local frame of Ek, because the map is equivariant w.r.t. the 
action oi Gl{m + 1, C) on the fibers of Ek and on CP™. 

It is clear that j^ir is a submersion, and it is fiberwise holomorphic because in 
each fiber we have a map from some C™^ to some C™^ (after composing with a 
chart tpi) whose formula is that of the integrable case which is trivially holomorphic, 
so point 1 holds. 

We now prove the equality j£)(7r o Tk) — j^'^iJD'''k)- l^t </?~ be any chart whose 
domain contains n o Tk{x). Then by the definition given in proposition [S] 

JDi'^°n){x) -.^ jaifi^ ° T^ ° rk){x) 
We just defined in equation 1431 

fAforkix)) := n-i „(^J(p-i o n o F)(x)) 
By proposition the r.h.s. of the two previous equalities coincide, i.e. 
n^i.(jk ivi' ° ^ ° F)i^)) = foiv^T' ° ^ ° rk){x) 
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Here the holomorphic function (p~^ o tt: C™+^\{0} -^ C™ plays the role of H 
in proposition Also observe that the proposition is in principle only valid when 
C™ has the trivial connection. In the current situation C"* is endowed with 
a diagonal connection coming from the one in L^^. The key point is that the 
composition ip~^ oir o (pj. is a section of C™ ® L^'^ (8) L~^'' and hence a C™-valued 
function independently of the trivialization of L®*^. Therefore the flat connection d 
on C™ is induced from d(g) Vfc in C"^'^^i^L'^'', where Vfc is any hermitian connection 
on L®*^. In other words, the equations of proposition [3 involving the connection 
Vg (g) d on (T*^-'^C^ ' ^) (g) C™'*' are also valid in this setting for the connection 
Vg (g) (d (g) Vfe), and this finishes the proof of 2. 

The previous ideas work word by word to show that for symplectic manifolds 
j^tt: J'' El. -^ J"^{P,'CP"^) is a well defined submersion and that equation H40(l 
holds. 

If we have a distribution G, once we use the local identification coming from 
approximately holomorphic coordinates adapted to G, the commutativity of the 
diagram (|41|l follows from the commutativity in the holomorphic case. It is also clear 
that fn: J^E* -^ Jg{P, CP") is a submersion and that equation gl holds. D 

In order to describe the linearized Thom-Boardman stratification we need to 
define -at least for certain kinds of strata P5JJ of j7Ji(Af, CP™)- the corresponding 
subsets of transversal holonomy 9p5« . 

Definition 25. LetFSk be a sequence of strata of J^]j{M, CP™) so that in canonical 
affine charts of CP™ and approximately holomorphic coordinates it is identified 
with a stratum PS of J^^ „^ invariant under the action of T x Gl{n,C). Let 
FSka =■■ ^Sk n J5(A/, C™) ■, 'Ops., := Ops. n J5(Af, C"),. Then we define 

'ie{0,...,m} 

For the relative theory we assume that for a choice of approximately holomor- 
phic coordinates adapted to G and canonical affine charts of projective space, the se- 
quence VSk,t C J^iP, C™) IS identified with a stratum ¥S of J^, ^.^ = JJ.^ x Cps 
invariant under the action ofTxGl{g, C). Then we define Ops^ — UiGlo m> ^^Sk t ■ 

Lemma 15. The subsets QrSk '^''"^ ^^^^ defined meaning that j^'^jiiQrSk i) <^ 
©PSfc,, , for each i,j. 

Therefore, if we define Su := fn^H^Sk), with fn: JfjEl -^ J^(A./,CP") the 
submersion of proposition\^ the subsets Os^ '■— j^T^~^{QrSk) ^'"'^ '^^^o well defined. 

For jets along G also the subsets Ops^ are well defined. Let Sk '■— j^Tr^^{VSk) C 
JqEI, S^ := pa'^iSk) C J^'El. We define the subset Qgc C S'f by pulling back 
©PSfc to J'^El using either of the sides of the commutative diagram \J1\ 

Proof. By lemma El the subsets Ops^ • are well defined. Let us fix approximately 
holomorphic coordinates and canonical affine charts of CP™, so that Ilk,x,i{^Sk,i) = 
¥S, for all k, x, i. We need to show that the subsets Qps glue well under the maps 
j^'^ji. Let ip be an r-jet in 9ps. Then we have a lift ip to Jjj^\ ^ and a local 
representation a of the lift cutting ¥S transversally along Dh at ip. As we mentioned 
regarding transversality the local representation is essentially unique. That means 
in particular that any other representation a' will also share the transversality 
property. By definition tjj is the (r+l)-jet of a local CR function F. Then j^ F{0) = 
V- and (i^(0),dz,,j^^^(0)) = iFiO),d„fo^FiO))^f^+'FiO) ^ ^. Thus, j^F is a 
local representation of V' which is transversal to PS* along Dh at ip. 

Since j'^+^^^J^{JD^'F) = f^+'i^^.^oF), f+'^^J^{i^) is a lift oif^^.i^) with local 
representation j£, (^^ oF) , which is obviously transversal along Dh to j^'^ji (PS*) = 
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PS because j^'^ji is a difFeomorphism that preserves the puUback of Dh to J7J „ ^, 
and the proof of point 1 is completed. 

A proof along the same lines shows the desired result for jets along G. 

D 

The Thom-Boardman-Auroux stratification is the puUback to J]jEl, by j'^tt of 
the analog of the Thom-Boardman stratification of J'[){M, CP™) (see for example 
B1I3)> together with the strata Zk- The definition is the natural extension of the 
one given for symplectic manifolds by D. Auroux in |4j. 

A first rough definition of the stratification of J']j{M, CP™) is the following: we 
fix approximately holomorphic coordinates and canonical affine charts of projective 
space, so we have charts n^j, j : JB^.n.m ^ JEiM,^^)^. 

In each JT^ „ „ there is a CR Thom-Boardman stratification, which is T x 
{H^ X 7iJ'j^)-invariant, where 7i[ is the group of r-jets of germs of bi-holomorphic 
transformations from C' to C'; in particular it is T x G/(n, C)-invariant, so it 
defines an stratification on each J'^(M, C'")i. The Ti^-invariance implies that the 
identifications that define J7J(M, CP™) are compatible with the aforementioned 
stratifications on JJ,(M,C'")i. 

Once we puUback the stratification to JjjEl. the behavior of the strata when 
they approach Zk needs to be clarified. To do that we redefine the stratification as 
follows (see U): 

Given a G J^S*, let us denote its image in J]j{M, CP™) by == ((/)o, . . . , (/)r). 
Let us define 

Sfc,i = {cr G J^El I dime ker 4)1 = i} 

If max(0, n — m) < i < n, the strata T,k^i are smooth submanifolds whose boun- 
dary is the union IJ,>j S^j together with a subset of Zk\Qzk- 

Each Efc.i is the puUback of a stratum PS^.i C j75(Af, CP™), and the given 
description of their closure is easy to check. 

For r > 2, define Os^ ^ as the subset of r-jets a = (ctq, . . . , (Jr) G 'i^k,i so that 

^k,^■,a ={ueD, (i„0, 0) G T^PSfc, J (44) 

has the expected (complex) codimension in D, which is the (complex) codimension 
of Tik,i in J]jEk which equals the codimension of PSfc,i in J'[,{M, CP™). 

The subset Q^.^ . can be also defined using lemma [T^ by definition 6pEfc ^ are 
exactly those points of PSfc^i which have a lift with a transversal local representa- 
tion. Since the term that we add to the r-jet to define the lift is of order r -I- 1 > 2, 
the transversality of the local representation docs not depend on the lift, that can 
be chosen to have vanishing component of order r -\- 1. 

Fix as in the proof of lemma El A.H. coordinates so that at the origin [D © 
D^, J) — {Dii®Dy, Jo) and the induced connection form (on JJ^ „ ^) is vanishing; 
fix also the canonical affine charts of CP™. Then the strata PSfc,i are sent to the 
Thom-Boardmman stratum PE.; of J'[) ^ ^. The local representation of (0, 0) can 
be taken to be a a CR section of JJ^ ^ ^. The stratum PE.; is CR, therefore 

TD,3hRa{0) n (TPS, n Dh) 

is a complex subspace of TC". Undoing the identifications, the previous subspace 
goes to the subspace in equation^J By definition of transversality along D, OpSk ; 
are exactly those (j) for which 'E.k^^a has the codimension of PSfe,i in J'[,{M, CP™). 
By construction (equation I44|) 

©s,,. =/^-^(eps,j 

Hence Qs^ i is the same subset introduced in lemma [TKl 
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li p + I < r, we define inductively 
with 

^kJ:a ^{ueD, (i„0, 0) G T^PSfej} 

As in the previous case, we define Qs^ i either as the points such that the complex 
codimension of 'E.^j-a in D is the same as the codimension of Sfc./ in J^JjE^, or as 
the puUback of Gps^ / ■ 

If ?! > • • • > ip+i > 1, Sfe.ij_...^i ^j is -in the local model- a smooth CR sub- 
manifold whose closure in Sfc,ii,...,i is the union of the 'Sk^i-^^...^i j,j > ip+i, and a 
subset of Sfc,ii,...,ip\Osfc,i ,,.,,i [Z|- The problem is that for large values of r,n,m, 
the closure of the strata is hard to understand, and what we have defined -once 
Zk has been added- might very well not be a Whitney quasi-stratification. For 
low values of r,n,m we have a Whitney quasi-stratification of J^^Ek, because it 
comes from a Whitney stratification of ^/^(M, CP™), and because the strata do 
not accumulate in points of Qz^ ■ 

Recall that using the local identifications the stratification we have defined (mi- 
nus Zk) is the union running over the affine charts of the puUback by i^{f~ o 
tt): JT^ nm+i\^ ~^ ^D nm ^^ ^^^ ^^ Thom-Boardmau stratification PS of 
J'hn.n,!^- The latter is CR and T x {Gl{n,C) x H;;,)-invariant 

On the domain of each chart JTJ nm ^^ '^^'^ ^^^ ^he results of Mather |23| to 
refine PS into a CR finite Whitney stratification transversal to the fibers and in- 
variant under the action of T x {Gl{n,C) x Ti^), and such that the submanifolds 
PS/ are unions of strata of the refinement. Due to the required invariance proper- 
ties for the refinements, they can be glued to give a refinement of the stratification 
PSfc C J'[)(M, CP™), which is independent of the choice of approximately holomor- 
phic coordinates. Thus, its puUback is a finite Whitney stratification of J^jEl. and 
such that the Tik,i are union of strata. It is by construction invariant by the action 
of G/(to -h 1, C) on the fiber. 

It is important to notice that since all the strata are contained in the closure 
of Sj, juax(o,n-m)+ii they accumulate near Zk in points of Zk\Qzk- Therefore, by 
adding Zk we obtain a quasi-stratification of J]jEk- 

If we have a distribution G we use exactly the same definitions but in the sub- 
bundles J^Ek and J(5(P, CP"). That is, we have the strata 

PSfc,, = {0 e J^{P, CP")| dime kcr c^i = i} 

and for r > 2, Opst ^ C PSfc^i is the subset of r-jets along G <j) = {4'o, ■ ■ ■ , 4>r) so 
that 

Ek,^,a - {U e G, (i„0, 0) e T^PSfc, J (45) 

has the expected (complex) codimension in G, which is the (complex) codimension 
of PSfc,, in J5(P,CP™). 

The subsets PSfc,/ are defined similarly. The result is a stratification PSfc of 
Jq{P, CP™). In charts adapted to G as in the proof of lemma [HI and affine charts 
-in which Jcs,p.,,„ = ^g,m ^ 'CP~^- the induced stratification PS is seen to be the 
leafwise Thom-Boardman stratification, i.e. the Thom-Boardman stratification of 
Jl„, multiplied by C^'^. 

Using the lower part of the commutative diagram ^2 we puUback back PSfc to 
PS^C J^''(P,CP™). 

Let S^ be the puUback of PS^ to J'' El. To refine it we first locally refine PSfc as 
follows: we go the leafwise Thom-Boardman stratification furnished by the previous 
A.H. coordinates and affine charts and construct a holomorphic T x {Gl{g,C) x 
HJ^J-invariant refinement in one of the leaves of JJg ^ (which is identified with 
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j7T„j). Next we extend it independently of the remaining p — g complex coordinates 
zf , . . . ,z^. The local refinements of the leafwise Thom-Boardman stratification 
glue well and thus define a sequence of Whitney stratifications J'q{P,CV"^) which 
does not depend either on the A.H. coordinates adapted to G or in the chosen 
affine charts of CP™. Its puUback to J'^E'^ refines S^ to a sequence of Whitney 
stratifications. 

Definition 26. (see j^j. 

(1) Given {M,D,J,gk) and Ek = C™"*""^ ® L"^^ , the Thorn- Boardman-Auroux 
stratification of i7o(M, CP™), denoted by PEfc, is the stratification (or 
rather its refinement) built out of the pieces of the Thom-Boardman strat- 
ifications of J^Jj „^. The Thorn- Boardman-Auroux quasi- stratification of 
JJ[)Ek is the pullback of the Thom- Boardman-Auroux stratification of J^^[M, CP™) 
together with the zero section. We denote it by S/j . 

(2) Let iP,J,G,gk) and Ek = C™+^ (g) L'^*=. The Thom- Boardman-Auroux 
stratification of J"^{M,CF™) along G, denoted by PS^, is the stratification 
(or rather its refinement) built out of the pieces of the Thom-Boardman 
stratifications of JJ^g ,^. The Thom- Boardman-Auroux quasi- stratification 
of J^Ek along G, that we denote by E^, is the pullback of the Thom- 
Boardman- Auroux stratification of J'^{M, CP"^) along G together with Zk- 

Lemma 16. The Thom,- Boardman-Auroux quasi- stratification of J^^E^ and the 
Thom- Boardman-Auroux quasi- stratification of Sf^ Ek along G are approximately 
holomorphic (and also finite and Whitney). 

Proof. We start with jets along D. The description of the closure of the strata 
inside Zk implies that the quasi-stratification condition holds. 

The delicate point is checking that the strata are approximately holomorphic 
(for the modified connection). 

First we study the sequence Zk. Though for this sequence the approximate 
holomorphicity is obvious, we will give a proof that works for other sequences of 
strata. 

We first prove that the natural projection 7r^_^ : Jf^^Ek — > J^^ Ek is approxi- 
mately holomorphic: we fix A.H. coordinates and A.H. reference frames j^jT^l. / 

of J]jEk (resp. Jo^k'i i' ^^ Jj^^Ek) as in equation [23 Recall that proposi- 
tion 21 implies that the sequences are indeed A.H. Using these frames we obtain 
A.H. coordinates z\, . . . ,z^,u\.,Sk (resp. z^, . . . , z^, ■y^ , Sfc) for the total space of 
JS^fe (resp. J'^-'^Ek). From the equality K-hifo^uLi) = fo'^^lij we deduce 
'^r-h{JD^k%j) = ^i{zk,Vk )> where Wi{zk,vl ) is A.H. w.r.t the canonical CR 
structures associated to the coordinates. This, together with the fiberwise linearity 
of 7rJ,'_^ imply that in these coordinates 7rJ]_^ is A.H., and hence it is A.H. w.r.t. 
the almost CR structures of the total spaces. 

We want to do something similar with the strata T,kj and the projection 
j^n: J^[)El -^ J75(M, CP™) (away from a imiform tubular neighborhood of the 
zero section, where the differential goes to infinity). The image of a trivialization 
Jh^k^i I is j£)(7r o tI'^I j), also approximately holomorphic. The map is equally 
fiberwise holomorphic, but the difference is the non-linearly of the restriction to 
the fibers. 

We adopt a different strategy that amounts to perturbing the almost CR struc- 
tures into integrable ones and then checking that j'^n is CR w.r.t. them: we take 
Darboux charts and trivialize L^'' with a unitary section £^k whose associated con- 
nection form in the domain of Darboux charts is A. Next we trivialize Sf]jEk with 
the frames iJ,k,x,i of equation 1241 but using ^k tensored with a basis of C™+^ to 
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trivialize C™"*""^ (g) L®'^. In this way J[)Ek becomes the trivial bundle J^^ „ ^_,_^ 
(with is canonical trivialization constructed out of dzl, . . . , dz^^). Let us use in the 
base the canonical CR structure {Dh, Jo). PropositionQlin the integrable case (and 
for curvature of type (1, 1) and with trivial derivative, as it is the case in Darboux 
coordinates) implies that the modified connection defines a new CR structure in the 
total space of JJ^ „ ^; let {Dh, Jo) be the corresponding distribution and almost 
complex structure, and let {D, J) be the distribution and almost complex structure 
induced by the almost CR structure of J^^Ek- If in the fiber of J^j „ ^j^^ we fix a 
ball B{a, R), then in -6(0, 0{1)) x B{a, R) the Euclidean metric is comparable with 
the metric carried by J^JjEk- More important 

\d={b~bn)\g,<0{k-^'^), j>Q (46) 

And if we use the orthogonal projection to push J into Jh '■ Dh -^ Dh, we also have 

|d^(A-Jo)|go<0(A:-i/2), j>o (47) 

We use the same Darboux charts for Jlj^ (C" x R, CP™), so locally and using 
canonical afhne charts we have identifications with J7J ^ ^^. This is a trivial vector 
bundle (again using the basis induced dz\, . . . , dz^ and the basis of C™). We fix the 
product CR structure and denote by {Dh, Jo) the distribution and almost complex 
structure. Let {D, J) be the distribution and almost complex structure induced by 
the almost CR structure of J'jj{M, CP™). By construction 

|d^(^ - bh)\g,,\A={Jh - Jo)\go < 0(fc-i/2), J > 0, (48) 

where Jh is the almost complex structure on Dh defined out of J and the orthogonal 
projection. 

EquationsEaimiiHlimply that ii f{ipr^o7T): JS,^„,„+i ^ JL^,a,m is CRw.r.t. 
{Dh, Jo) and {Dh, Jo) then it is almost CR w.r.t the global almost CR structures. 

The map j^{<fY^ o it) : J[, „ „j_|^;^ -^ JJ^ „ ,„ is exactly the same as in the holo- 
morphic (or rather CR) models. It is CR w.r.t. the aforementioned CR structures 
because it preserves the foliations, it is fiberwise holomorphic and sends "enough" 
CR sections of J]^ „ ^^^ to CR sections of J]^ „ „. To be more precise, for any 
point a e J^ „ ^_|_;^ and any vector v in its tangent space along the leaf and not tan- 
gent to the fiber, we can find a CR section F whose CR r-jet in x is cr and such that 
the tangent space to its graph contains w. Since j''((p~^0 7r)(j£, F) = j^ {ip~^oTroF) 

is also a CR section, we deduce that j^{^Y^ ° '^)*{Jv) — Jo{j^{ipY^ ° ''')*(^))- 

The strata PS^ (or rather of its refinement)-once we choose A.H. coordinates and 
affine charts of projective space- are identified with the strata of (the refinement of) 
the CR Thom-Boardman stratification of J7^ ^^ ^^ , with are CR. The comparison 

between the {Dh, Jo, do) and the original almost CR structure imply that the strata 
of PEfc are A.H., and hence S^ = j''7r^^(PSfc) is A.H. More precisely, if / is a local 
CR function defining a CR strata PS/ of J[) „ „, then / o Ilk,x,i ° j^{^i^ o tt) is a 
sequence of local functions for the strata Sfcj. Therefore condition 3 in definition 
ni^ holds. The other ones follow from the fact that we have a model Whitney 
stratification transversal to the fibers (see the proof of lemma [T5t . 

There is an analogous proof in the almost complex setting showing that j'^ii : J^E^, 
i/'"(P, CP™) is approximately holomorphic away from a uniform neighborhood of 
the zero section. In the relative case, and for a sequence of A.H. strata ^Sk fulfill- 
ing the conditions of definition|2ni the approximate holomorphicity oipG~^j'^'K^^Sk 
follows from the commutativity of the diagram l41l and from the approximate holo- 
morphicity of j'^tt: J'-El -^ J'-{P,<Cf"^) and oipc: J^''(P,CP™) -> J5(F,CP™). 
Recall that the strata PS^ come from holomorphic models (the refinement of the 
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strata of the leafwise Thom-Boardman stratification), so they are A.H. But E^ is 
not truly a quasi-stratification of J^^ Ek- To be more precise, it is not true that the 
strata only accumulate in points of Zk\Qzk C Zk, but it is still true that the points 
of Zk in which the other strata accumulate are never hit by a section transversal to 
Zk along G. Thus, the Whitney type reasoning can be applied as long as we work 
with r-jets along G (see the proof of theorem O. D 

Remark 13. Notice that we only conclude that the strata different form the zero 
section are approximately holomorphic uniformly far from Zk- This is enough for 
our purposes, for once we obtain transversality to Zk our r-jet will be uniformly far 
from Zk\Qzk- ^^l the remaining strata approach Zk accumulating only on points 
of Zk\Qzk ■ Therefore, the r-jet will only hit them outside of a uniform tubular 
neighborhood of Zk, where the approximate holomorphicity holds. 

Definition 27. 

(1) An A.H. sequence of sections of Ek -^ (Af, D, J, gk) is said to be r-generic if 
its pseudo-holomorphic r-jet is uniformly transversal along D to the Thom- 
Boardman- Auroux quasi-stratification of J^fjEk. 

(2) An A.H. sequence of sections of Ek — > {P, J, G, gk) is said to be r-G-generic 
along M if its pseudo-holomorphic r-jet is uniformly transversal along M 
toT.^ Cj'-Ek. 

(3) Let (j)k'. M\Bk — > CP™ be sequence of functions which is A.H. outside of 
a uniform tubular neighborhood of gk-radius 0{1) of Bk. It is said to be 
r-generic if for k large enough Bk is a codimension 2(to + 1) calibrated 
submanifold and j^(j)k'. M\Bk -^ J7^ (M\_B/j , CP™) is uniformly transver- 
sal along D to the Thom-Boardman- Auroux stratification. Moreover, it is 
required to intersect the strata of strictly positive codimension out of the 
previous tubular neighborhood of Bk of gk-radius 0(1). 

Lemma 17. Let Tk be an A.H. sequence of sections of Ek —>■ {M, D, J, gk). Then 
if Tk is r-generic its projectivization (pk ■ M\tj^ i^k) ^ CP™ is also r-generic. 

Proof. It is elementary from the construction of the Thom-Boardman- Auroux (quasi)- 
stratifications of iToiJfc and ^/^(M, CP'"), proposition|Hlrelating j£,rfc and j^(f>k and 
lemma 1161 

Uniform transversality of Tk to Zk implies by remark 1131 that (j)k intersects the 
remaining strata uniformly away from the zero set. Estimated transversality along 
D is also preserved when composed with j'^ir uniformly away from Z; the key point 
is selecting appropriate local A.H. functions for the strata: in A.H. coordinates and 
affine charts PSfej corresponds to a CR stratum PS/. Let / be a local CR function 
defining it. Then / o Ilk,x,i o j^i'Pi' ° "') are local functions for Efej. Now lemma 
im implies that local uniform estimated transverslity of j^jTk to Sfe j along D is 
equivalent to uniform transversality to along D oi f o j^{(p^^ o tt) o j^Tk — f ° 
J£){ip~ °<l>k)- Again by the same lemma this is equivalent to uniform transversality 
oiJh'Pk along D to PSfc j. The case of the points close to the boundary of the strata 
is just a problem in a vector space; it follows from j^{(p~^ o tt) : J7^ ^ m+i\^ ^^ 
J^fj n m being a submersion which amounts to suppress coordinates of the fiber of 

Dh-n,m+l- 

D 

Let (P, ri) be a symplectic manifold with {M,D,oj :— ^\m) 2-calibrated and G 
a local J-complex distribution extending D. 

Let Tk be an A.H. sequence of sections oi Ek and denote by <f>k its projectivization 
away from its zero set. 
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Proposition 7. Using the above notation, if j^Tk: P —f J^^Ek is uniformly trans- 
versal along M to S^ C JqE^, then (j)k\M ^^ r-generic. 

Proof. We will make extensive use of diagram 1411 

jrEl ^^^ jrEl 

J'~(P,CP") '"^ > Jg(P,CP") 

Step 1: Study the compatibility of the Thom-Boardman-Auroux stratifications 
with the identification of J5(Af, CP™) with J^{P, CP™)|^,^. 

In the points of M there is a canonical J-complex identification between D and 
G, inducing isometries 

Afe,,: J5(M,CP'") -> J5(P,CP")|^,, 
Let z].,...,z^ be A.H coordinates adapted to M. We can rewrite them as 



z 



■ , ^fc, ^fc"+S ^f +', ^r', ■ • • , 4, where 4, . . . , z^, xf +i are by lemmaElA.H. 
coordinates for M . Using also the canonical affine charts of projective space we 
have 



and a canonical identification in C" x M C C 

The construction of H^^ J^kx i (^^^ equation 1211 and the last paragraph in the 
proof of lemma IT^ implies the commutativity of 



J£(M, CP") -^^^^ J!j{P, 



■ )\M 



(49) 



And the restriction of Jf,._p ,„ to C" xM w M coincides with j:;,^„,y-^ = Jh^,n,m- 

The identification A obviously preserves the Thom-Boardman-Auroux stratifica- 
tions (and even the refinements), and hence so A^ does. 

Step 2: Check that A'^ o {j^M^m ^ iD(<^fe|M)- 

Since A^ are isometries preserving the Thom-Boardman-Auroux stratifications, 
we omit them from now on. 

By using the charts 11^^ i^kx i ^^ i^ ^^^y ^o see that for any j G {1, • . • ,r}, 
the degree j homogeneous component of Jiji4'k\M) approximately coincides with 
'^i){4>k\M)- Similarly, the degree j homogeneous component of JQ(j)k approximately 
coincides with V^(/)fc. The result follows because we also have 

Step 3: Analyze the behavior of j£,((/)fe|j^j) near the set of base points Bk- 
Since Z^ C J^Ek is an A.H. sequence of submanifolds and j'^Tk an A.H. sequence 
of sections, by corollary |3 uniform transversality along M is equivalent to uniform 
transversality along G in the points of M . In A.H. coordinates adapted to G, we are 
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saying that the matrix of partial derivatives of Tfc w.r.t. z^, . . . , ^^. 

rank and norm greater than some 77 > 0. But this is equivalent to saying that is 

uniformly transversal to Z^ , the puUback of the zero section of Jl^Ek- 

By construction Y.'^\Zk = p'^j^'r:~^{fY^k) = P^{'^k\Zk), and the strata of 
E^\Zfc when approaching the zero section accumulate into Pq (Oz^), where here 
©Zfc C JqE^- Therefore fT}^ intersects the strata of I]^\Zfc away from a tubular 
neighborhood in P (and hence in M) of radius 0(1) of i?^, the zero set of j''Tfe. 
Thus {f(i>k)\M = iJ^''^{J^'^k))\M intersects the strata of PE^ away from a tubular 
neighborhood in M of radius 0(1) of Bk- 

In general PG{j^4'k) 7^ Jo^'k but using A.H. coordinates it is easy to check that 
Paij^i'k) ^ Jc^'k- Hence, JQ4>k intersects the strata of PE^ C J5(P, CP™) away 
from a tubular neighborhood in M of radius 0{\) oi Bk, for all fc ::^ 1. 

By steps 1 and 2 we deduce that j£)(0fe|M) intersects the strata of PE^ C 
J75(P, CP™) away from a tubular neighborhood in M of radius 0(1) of Bk, for 
all fc > 1. 

Step 4- Relate uniform transversality of j^r^ along M to E^\Zfe with uniform 
transversality of Jl^ (<^fe | m ) along D to PE^ C J^^ (M, CP" ) . 

The same ideas used in the proof of lemma [T7I combined paij^'t'k) 55 JQ(j>k, show 
that uniform transversality of j'^Tk along M to T,'^\Zk is equivalent to uniform 
transversality along M of j^(/)fe to PE^ C J5(P,CP"). 

Uniform transversality along M oi JQ(j)k to PE^ C J75(P, CP™) is comparable 
to uniform transversality of {Jc'l>k)\M to PJ^kiM C Jq{P, CP'")^^ (it can be easily 
proven in the charts n^^^n^^^). 

Steps 1 and 2 imply that j'£, (0fc u,/) i^ uniformly transversal to PE/j C J7^ [M, CP™) . 

If the hypothesis on the amount of transversality along M of corollary are met, 
then j'i){4'k\M) is uniformly transversal along D to PE^: C j7Ji(Af, CP™). Observe 
that this requirement is not a problem, since the induction construction to obtain 
uniform transversality along M for j'^Tk to Yj'^\Zk can guarantee that. D 

The (modified) connection and its associated metric the total space of J'^Ek 
induce on J^QEk via pQ a metric (with restricts fiberwise to the hermitian bundle 
metric) and a connection; we denote them by gk and V k,H (or just V/f ); we do not 
know whether jQEk is an almost CR submanifold of J'^Ek, but in any case we are 
not interested in fixing any almost complex structure on jQEk- 

Let Gk be a sequence of sections of jQEk with iV-'o'fclgj. < 0(1), Vj > 0. Using 
the metric gk we have a well defined notion of uniform transversality of Ok to the 
Thom-Boardman-Auroux stratification Efe C jQEk fdefinition ll?!) : notice that we 
have no notion of approximate holomorphicity neither for the sequence of sections 
nor for the strata. 

Remark 14. // t^ : P ^ Ek is A.H. then |V^jJ;Tfc|g, < 0(1), Vj > 0. Having 
into account reniark\^ it can also be shown that if j^Tk'. P —> J^^Ek is uniformly 
transversal along M to E^, then j^Tk : P -^ J^^Ek is uniformly transversal along 
M to Efe. 

We finish this section by proving the following 

Lemma 18. 

(1) Let S = S^ be an approximately holomorphic finite invariant stratifica- 
tion of Ek such that in approximately holomorphic coordinates and A.H. 
frames each sequence of strata has a CR model transversal to the fibers. 
Let Tk '. M ~* Ek be an A.H. sequence uniformly transversal along D to S. 
Then r^T (S) is an stratification of {M,D,uj) by 2-calibrated submanifolds 
for all fc > 1. 
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(2) Let Tfe : M —>■ Ek he an A.H. uniformly transversal to Z^ and whose pro- 
jectivization (pk is r -generic. Then B^ U 0^^ (PSfc) is a stratification by 
2-calibrated submanifolds of {M, D, uj) for all k '^ 1. 

Proof. Let S^ C Ek. Corollary [S] implies that Tj^^iS^) is uniformly transversal to 
D. Hence, if we check that for each x G T^^iS^) the sequence of linear subspaces 
TDTk\S^) C ^ is A.H., i.e. Zm{Tdt^\S^), JTdt^\S^)) < 0(fc-i/2) (uniformly 
on the point), we are done. 

Let J denote the induced the almost complex structure on Ek- In approximately 
holomorphic coordinates and A.H. frames the strata Sk C Ek have a CR model 
S C C™ w.r.t the canonical product CR structure. Recall that any almost CR 
structure defined out of Jo in the base and the fiber and a connection form with 
vanishing (0, l)-component coincides with the product CR structure, (this appears 
also in the proof of lemma ITS)) . Hence, the linear subspaces T^S — T^Sk verify 
^m{TdS, JTdS) < 0(fc^^"), the bounds being uniform on the points o/C"\ and 
hence uniform on the points of Ek . 

The approximate holomorphicity of Tk implies ZMiToTk, JT^Tk) < 0{k^^'^). 

Since ZmiT^Tk, T^Sk) > rj, by proposition 3.7 in 28 for all fc ^ 1 the intersec- 
tion ToTk n Tz)Sk is an A.H. sequence and thus also its projection to M , and this 
proves point 1. 

Regarding point 2, Bk :— Tk^^{Zk). Therefore point 1 apphes. 

The strata I^kj are intersected uniformly away from Bk- Hence, it is equivalent to 
work with the projectivizations (pk and the Thom-Boardman-Auroux stratification 
of J2(M,CP™), because f^T-\T,kj) = j^0^^(PEfcj). Since for each canonical 
chart of projective space the strata have CR models in ^/^(M, C'")i, everything 
reduces to point 1. D 

We would like the puUback of any regular value of (j)k to be a 2-calibrated subma- 
nifold, which forces us to study the behavior of an r-generic function near its base 
locus and near the puUback of the Thom-Boardman-Auroux strata. Our applica- 
tions only have to do with 1-jets, and only the Lefschetz pencils (pk '■ M\Bk -^ CP^ 
would have non-empty base locus. The same ideas used in |321 show that indeed 
near the base locus |90fc| > |90fc| and thus the regular "fibers" are 2-calibrated 
submanifolds. On the other hand, near the strata of the Thom-Boardman-Auroux 
stratification there is no such inequality between the holomorphic and antiholomor- 
phic component of the derivative, and ad hoc modifications are needed to obtain 
2-calibrated regular fibers. 

Observe that if the approximately holomorphic theory is used to construct generic 
CR sections for of a Levi-flat CR manifold, this kind of complication near the base 
locus and degeneration loci of the leafwise differential does not occur. 

7. The main theorem 

It is possible to perturb A.H. sections of _Efe = E ® L®^ —^ {M,D,lu) so that 
their r-jets are transversal to an A.H. quasi-stratification of JfjEk. 



Theorem 2. Let Ek -^ {M,D,lu), Ek = E (g, L'®" and S = iS^)aeA^ an A.H. 
sequence of finite Whitney quasi- stratifications of J^fjEk transversal to the fibers. 
Let us fix h G N. Let 5 be an strictly positive constant. Then a constant r] > exists 
such that for any A.H. sequence Tk of Ek, it is possible to find an A.H. sequence 
Uk of Ek so that for every k bigger than some feg, 

(1) |Vi(rfc-f7fc)|<„<<5,j-0,...,r + /i 

(2) fj^Uk is rj-transversal along D to S 
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Theorein|31-to be introduced- suffices for our applications; the proof of theorem[5] 
-which is left to the interested reader- is a suitable modification of the proof of theo- 
rem 1.1. in 0], being the main difference the use of a local estimated transversality 
along Dh to for A.H. functions /^ : C" x R -> C". 

Observe that while for any /i g N we can bound |VJ5(rfc ~crk)\g^^ j ~ 0, . . . , r + h 
by any arbitrarily small S, we cannot do the same for the full derivative. For that 
we just know |VJ5(Tfc — <7k)\g^ < Cj, Vj € N, with no control on the constants Cj. 
Moreover, the non-integrability of D also forces us to work with sequences of A.H. 
functions all whose derivatives are controlled (even if we want to control the size of 
the perturbation along D up to a finite order h); basically the derivatives along the 
directions of D (up to some finite order h) will be arbitrarily small only if we have 
control for the full derivative of all the orders, and k is chosen to be very large. 

We can prove a strong transversality result for symplectic manifolds with distri- 
bution G along compact 2-calibrated subvarieties. 

Theorem 3. Let Ek —^ {P, fi) and let (A/, D) be a compact 2-calibrated submanifold 
of the symplectic manifold (P, Q) and G a J -complex distribution extending D. Let 
us consider S a C^-A.H. sequence of finite Whitney quasi- stratifications of J'^Ek 
(h > 2). Let 6 be a positive constant. Then a constant rj > and a natural number 
ko exist such that for any G^'^^ -A.H.(G) sequence t^ of Ek, it is possible to find a 
G^'^^-A.H. sequence ak of Ek so that for any k bigger than ko, 

(1) |V^(Tfe - ak)\g, <5,j^0,...,r + h (Tk-akts G^+'^-A.H.id)) 

(2) f^Ck is rj -transversal along M to S'^ 

Proof. We need to slightly modify the proof of theorem 1.1 in 4 . 

Step 1: Show that (rya, fya)-transversahty along M oi j^Tk to 5"-^^,, for all a < b, 
implies the existence oi fjb > such that j^Tk is ^f,-transversal along M to S"^^, in 
the points ryb-close to its boundary. 

In theorem 1.1 0], it is shown that the quasi-stratification condition together 
with full uniform transversality can be used to show that j''Tk stays uniformly 
away from S"^j.\6sGa, say at distance greater than some rj' > 0; since uniform 
transversality along M is stronger than uniform transversality we deduce the same 
result. 

We now make use of the estimated Whitney condition as in corollary|B| We have 
the inequality 

^m(TMJV,, Tjl 5«°) < Zm(t|I ^<=°, TM^'^fe) + Zn,{TMfrk,TMS'^l) (50) 
For ?/' > small enough the induction hypothesis implies that for points ?7"-close 
to dS'~^k, there is some index a € Ak such that 



^m{TMfrk,T]^,S''l)>Va 



In order to make ZuiTjliS^kTl'MS'^k) < ^a/2, we use the estimated Whitney 
condition that gives Z^(M,TS^l) > 7 and Zm{T\\S^I,TS^I) < G{j)-^T]a/2 (see 
the proof of corollary EJ , for 77" small enough. Then the desired result holds for 
fjb := min(77',77",mina<fc(77a/2)). 

Step 2: Let 77, 7^ > be constants. A C+^-A.H. sequence of sections Tk of Ek is 
said to verify 7^^(77,77,2;) ii j^Tk is (77, 77)-transversal along M to S"'^, at x. We need 
to show that this is a C+^-open condition, i.e that for Xk with \Tk — Xk\c^+^.gk — ^i 
if Tk verifies Vk{ri,fj,x) then Xk verifies Vkirj — Le,fj — Le,x), where L > is 
independent of fc,x (and does not depend either on Tk but on its C'+^-bounds) . 

Again this is done in theorem 1.1 |3| for full transversality. For estimated trans- 
versality along M is equally true because a perturbation Xk with C'^^-size bounded 
by C, gives rise to an r-jet such that (i) \fXk\gk < L'G, (ii) \VTMfXk\gk < L'G 
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and {ui)\S/S/ TMJ^ Xk\gk ^ L'C, for some L' > 0. Therefore, small perturbations of 
a given section give rise to an r-jet that remains within controlled distance of the 
one for the initial section and whose derivative along TAI varies in a controlled way. 
Similarly, for a given r-jet we can control in a ball of uniform radius its variation 
up to order 2, and hence the variation of its derivative along TM in the ball. 

Step 3: To deal with points far from the boundary, we fix coordinates adapted to 
M and use instead of the local transversality result in theorem 1.1. |4, (proposition 
4.2), the following local transversality result, which is a reformulation of lemma 5.2 
and theorem 5.4 in j27| . 

Proposition 8. Let F he a function with values in C' defined over the hall of radius 
11/10 in C'. Let V a vector suhspace o/C'. Let S be a constant < S < 1/2. Let 
rj ~ S{P{log{S~^))~^ , where P is a real monomial depending on n,l,V. If in the 
hall of radius 11/10 we have 

\FU < 1, \dF\g, < V, \ddF\g, < ,7, 

then there exists u G C^ such that F~u is rj -transversal to along V in the interior 
(mV) of B{Q,l)C^V. 

Step 4- Substitute proposition 4.1 in ^ by an analogous one in which from local 
perturbations using hnear combinations of reference frames that give Vk{C5{Pi\og[5~^))~^ ,5, y), 
y G ^fffc(2^iC), we obtain Vk{e,i,x), for all a; G M (this is done in section 5.5 in 

EZI). 

Recall that the proof of theorem 1.1. in 2| goes roughly as follows: we assume 
by step 1 that t^ is already ?7f,-transversal along M in the points fjb-dose to the 
boundary. Let x E M C P and < e < fjb/'i- If e is small enough and j^Tk{x) = 
p € AfaGb (e/2, fjt), then there exists p (all our constants always independent of fc, x 
and strictly positive) such that j'^Tk{Bgj^ (x, pi)) C Bg,^ {p, p/j C Ngcf' (e, 37?b/4). We 
consider the composition foj'^Tk pulled back to the domain of an A.H. chart adapted 
to M and centered at a;. In this way we obtain a function Hk : B{0, P2) C C^ ^ C'' . 
If we apply proposition proposition |H1 directly to Hk and for S <?C fjb/6, we will 
obtain (5(P(log(5^^)))^^-transversality to along M for Hk ~ Uk in Bg^{x,p3). 
The problem is how to associate Uk to a perturbation of r^ (the difhculty coming 
from the non-linearity of the strata). Instead, we consider for each index / the 
C'-valued function such that for each y e Bg^ {x, ^4) 

e/(y) = {dfi{frk{y))fTl%j, . . . , dfiifTkiyWrl^j), 

with T^°^ J as defined in equationlSHl There is a choice of / indices /i , . . . , /; such that 
the corresponding A.H. sections i'^T™^ j, are a frame for a distribution complemen- 
tary to Kevdf (and with minimal angle bounded from below). Then 0/^ , . . . , 6/, is 
a frame (depending on y) of C' comparable to the canonical one. We can write 

Hk = hlQi, +■■■ + hiOi^ 

We apply proposition |H1 (after suitable rescalings) to the C'-valued function 
hk — {hi, . . . , /i^), for some S small enough, so we get Uk £ C so that hk — Uk 
is ci(5(P(log((5^^)))^^-transversal along M to in Bg^{x, p^). If we multiply by 
the functions 0/^, . . . , 87, we obtain C2^(P(log((5~^)))~^-transversality along M to 
OioY Hk-ulQi, 46/,. 

We consider the section Sk,x = -u\t]/J^j^ _ . . . _ u\t]/J^j^. 

The key point is that having into account the norm of Uk and the bounds on the 
second derivatives of /, the C^-norm of 

Hk - ul<di, 4©/, - / ° fi^k + Sk,x) 
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is bounded by 0{5'^). Since the C^-norm majorates the C^-norm along Af, we 
conclude that for 6 small enough, foj^{Tk + Sk,x) is C3(5(F(log((5~^)))~^-transversal 
along M to 0. By lemma ITTI we get 7'fc(c4(5(P(log(5~i)))-\ ^f, - LS,y), for aU 
y € Bg^{x,p5). Notice that by step 2 Vk{'n,r],x) is C"""''^-open, so if 5 is small 
enough compared to f^h and 7]a , fja , we still get uniform transversality to the previous 
strata and 5^;,/6-transversality along M in the points 3^/4-close to the boundary 

oisf. 

So we can apply step 4 to obtain 'Pk{f]b,'iVb/4:,x) (w.r.t. S^ ) in all the points 
of M. 

Hence we deduce the existence of a C"'+^-A.H. sequence Cfc such that: 

(1) \VHTk -ak)\g,<Sj = 0,...,r + h {ak is C^+^-A.R.{5)) 

(2) j^ak is 77-transversal to S'-^ along M 

n 



8. Applications 

We begin by proving proposition ^ which can be also obtained as a simple 
corollary of the work of J. -P. Mohsen |27j together with some extra local work 
borrowed from |24| . 

Proof of proposition 01 We consider a more general situation than that of the state- 
ment of proposition^ Let E be any rank m hermitian vector bundle over (Af ^""'"^ , D,lo), 
and let E^ = E ® L^ (Lji the pre-quantum line bundle of the symplectization and 
E is meant to be the puUback of the initial E to the symplectization). We want 
to apply theorem 131 to the sequence of zero sections Z^, but with some changes. 
We fix A.H. coordinates adapted to M and reference sections t^°| centered at the 
points of Af C M X [— e, e]. The uniformly transversal section will be obtained by 
suitably adding local perturbations. In A.H. coordinates adapted to M we take the 
sections zj^r^^^ , j = 1, . . . , m < n + 1 and consider its direct sum, a section of E^- 
This sequence of sections Tk,y vanishes on y and it 77-transversal along M to Zk in 
Bg^(il,p). The point is to keep on adding local perturbations (centered at other 
points) which vanish at y, and with C^-norm small enough compared to ry. For that 
we need new reference sections vanishing at y. Notice that if dk{x,y) > 0{k^^^), 
then r™^ ■ is already vanishing at y, so we do not need to change the reference sec- 
tion. Assuming dk{x,y) < 0[k^/^), once we go to A.H. coordinates adapted to M 
and centered at x the point y belongs to i?(0, 0{k^/^)) C C"+^. Consider the poly- 
nomial P{z\, . . . , z^'^^) = \ — z\. Let Lk^y^x & Gl{n + 1,C) be the composition of 
dilatation and then a rotation sending y to (1, 0, . . . , 0). We define Pk,y,x — P°Lk^y^x 
and ^^^^ ,, := Pk.y,xTfl,j. For any 7 > 0, if we suppose dk{x,y) > 7 then ^f^^^ 
becomes an A.H. sequence (with bounds independent of x) that vanishes at y and 
so that ^'^^l, , j — 1, ... ,771 fits into a local frame of Ek over Bg^{x,p{'y)). Since 
Tk,y is 77-transversal along M to Zk in Bg^ (y, p), we only need to add perturbations 
centered at points away from Bg,, [y, p/2), and thus the globalization procedure can 
be applied with reference sections vanishing at y. 

Thus it is possible to find sequences of A.H. sections Tk of Ek uniformly trans- 
versal along M to Zk and vanishing at y. Hence Tk\M a-re uniformly transversal to 
Zk and vanishing at y. Let Wk = TkV^iZk). For all fc :^ 1, by corollary |S1 they are 
uniformly transversal to D and by lemma 1181 approximately almost complex and 
therefore 2-calibrated. 

The study its topology is done very much as in the symplectic and contact cases 
(see the proofs in El EHI ) • □ 
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The next result we want to prove the existence of determinantal submanifolds 
(proposition [5J), that is still a transversality result for 0-jets (vector bundles E^), 
but not anymore to the section but to a sequence of non-linear approximately 
holoniorphic stratifications. 

Proof of proposition\^ Let £',F ^ M be hermitian bundles with connection and 
let us define the sequence of very ample vector bundles Ik :— E* ig) F ^ L'^^ . In 
the total space of Ik we consider the sequence of stratifications Sk whose strata are 
Sk,^ = {A e /fel rank(A) = i}, where A e Hom(£;, F (g> L®*^). 

Let E, F still denote the puUback of E, F to the symplectization. Let Ik,fi -^ 
M X [— e, e] be _E* (g) F (g) L^'^. Let G as usual a J-complex distribution defined on 
M X [— e, e] that extends D, and let 

S-G^ ^{Ae Ik,Q\ rank(^) = i}, where A e Hom(£:, F (g Lg'=). 

By lemma 1131 (applied to almost complex manifolds) S^^ is an approximately 
holomorphic sequence of finite Whitney stratifications. Therefore we can apply 
theorem|21to construct an A.H. sequence of sections Tk oi Ik.n uniformly transversal 
to S^ along M and therforc along D. 

Hence for all k large enough M is stratified by the submanifolds Si{Tk) — {x G 
M\ TaTik{Tk{x)) ~ j}, which are uniformly transversal to D and 2-calibrated by 
lemma ^J D 

Corollary n follows from the fact that in the contact case the 2-form is exact and 
hence the cohomological computations are those of the bundle E* ® F . 

Theorem 4. Let {M,D,lu) be an integral 2-calibrated manifold and set Ek = 
C™ (g) L^'^ and let r any natural number. Any A.H. sequence of sections of 
C™"*"^ (g) Lf^^ -^ {M X [-e,e],n,G) admits an arbitrarily small 0''+'^ -perturbation 
such that 4'k\M'- M\Bk ^ CP™ -the restriction to M of its projectivization- is an 
r-generic A.H. sequence. 

Proof. The proof is just theorem |21 applied to the Thom-Boardman-Auroux quasi- 
stratification along G of J'^Ek -^ [M x [— e, e], J, G, gk) combined with proposition 
H D 

It must be pointed out that the behavior of A.H. functions in the points close 
to the degeneration loci is more complicated than that of the leafwise holomorphic 
model: firstly, and similarly to what happens for even dimensional a.c. manifolds, 
to obtain normal forms it is necessary to add perturbations so that the function 
becomes holomorphic (at least in certain directions); otherwise the approximate 
holomorphicity is not significative due to the vanishing (degeneracy) of the holo- 
morphic part. Secondly, we have an extra non- holomorphic direction that we do 
not control. At most, we can apply the usual genericity results to that direction 
(but perturbations of size 0(fc~^/^) so as not to destroy the other properties). 

One instance of the preceding theorem is when the target space has large dimen- 
sion so that the generic map is an immersion along the directions of D. 

Proof of corollary\B Set Ek = C"+^ (g L®'=, where m > In. 

Theorem 13 is applied to the Thom-Boardman-Auroux quasi-stratification along 
G of J^Ek -+ (M X [-£, e], J, G, gk)), to obtain 1-generic A.H. maps ^k : M -^ CP™. 
From the choice of m it follows that the set of base points and of points where d(i>k 
is not injective is empty. It is clear that by construction (f>l,\u}ps\ ~ [w^]. D 

This is a non-trivial result because the property of being an immersion along D 
is not generic (for smooth maps to CP^"). Notice that if for example D is integrable 
the property is generic for each leaf (locally), but not for the 1-parameter family. 
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As mentioned in the introduction, the previous corollary can be improved in two 
different ways. 

Proof of corollary\^ Let us assume that any 2-form in the path pk^t = (1 ^ O^fc + 
t(j)*f^ujps is non-degenerate over P, where ujfs is be the Fubini-Study 2-forin. Then 
the Moser trick can be applied leafwise: if a is a 1-form such that da = —{(f)*f^ujFs — 
Wfe), the vector fields tangent to V defined by the condition —ixtPk,t — ~a generate 
a 1-parameter family of diffeomorphisms preserving each leaf and sending pk^t to 
Wfe- 

The non-degeneracy over T) of pt follows from the estimated transversality of <j)k 
together with the approximate holomorphicity. For any v G Dx of (jt^-norm 1, 



PkA^: Jv) = (1 - t)ujk{v, Jv) + tujFsi4'k*v, cj)k*Jv) > (1 -t) +tr]> 



o 



In general a closed Poisson manifold with codimension 1 leaves does not admit a 
lift to a 2-calibrated structure (for example any non-taut smooth foliation in M^). 
The previous corollary can be used to state the following result: 

Corollary 7. Let (Af^"+^,I?,aj-p) be a closed Poisson manifold with co-oriented 
codimension 1 leaves. Then the Poisson structure admits a lift to a (rational) 2- 
calibrated structure if and only if a multiple ofujx) is induced by a leafwise immersion 
in CP^" (by pulling back uips)- 

We finish this section by mentioning that it is possible to obtain uniform trans- 
versality to a finite number of quasi-stratifications of the same sequences of bundles. 
For example, and this leads to the second improvement of corollary|21 we can obtain 
the 1-genericity result that gives rise to embeddings in CP"* transversal to a finite 
number of complex submanifolds of CP™ . 

We just need to consider for each submanifold the sequence of stratifications 
VS of j7(j(M, CP™) whose unique stratum (for each k) is defined to be the 1-jets 
along G whose degree component is a point of the submanifold; next we pull it 
back to a stratification S of JqE^ and finally to a stratification S*^ oi J^E'^ (the 
structure near Zk is not relevant because transversality to the Thom-Boardman- 
Auroux quasi-stratification along G implies that the sections stay away from Zk). 
Therefore, we have defined a stratification oi J^Ek which is trivially approximately 
holomorphic because is the puUback by A.H. maps of an initial approximately 
holomorphic stratification of J^{M, CP™). 

Any 1-generic sequence of A.H. sections of Ek uniformly transversal to S^ when 
restricted to M gives rise to maps (j)k. M ^^ CP'" uniformly transversal along D 
to the submanifold. 

Proof of Theorem\^ We first apply theorem H to obtain (i)k\M- M\Bk -^ CP^ 1- 
generic. 

Near the base points and the points where Vu^fcu^ vanishes, we apply the 
perturbations defined in |S2] to obtain the required local models. 

D 

Another possible application is, as proposed by D. Auroux for symplectic ma- 
nifolds j3| E], to obtain r-generic applications to CP'" whose composition with 
certain projections CP™ —> CP™^'* are still r-generic (the corresponding stratifica- 
tions are approximately holomorphic because they are puUback of approximately 
holomorphic stratifications by A.H. maps; the structure near Zk is also seen to be 
appropriate) . 
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It is also possible to develop an analogous construction but for A.H. maps to 
grassmanians Gr{r, m), starting from sections oiC^^Ek, Ek of rank m (see ^22] H]). 

Our techniques can be applied to any closed 2-calibrated manifold to give a finer 
topological description of the 2-calibrated structure. It is possible to apply the 
same idea to manifolds for which the 2-calibrated structure enters as an auxiliary 
tool. This point of view has already been adopted in |24| . 

We recall the following result. 

Theorem 5. (Gromov) Let Af^"+^ a closed manifold whose structural group re- 
duces to U{n), and let a € _ff^(M;Z). Then there exists to a closed non- degenerate 
2- form such that [lu] = a. 



M X R, and 

D 



Proof. It is the result of applying the h-principle to the open manifold 
then restricting the symplectic form to M. 

So by selecting any codimension 1 distribution transversal to the kernel of w, we 
have: 

Corollary 8. Let M^"+^ a closed manifold whose structural group reduces to U(n), 
and let a G if^(M;Z). Then M admits 2-calibrated structures {D,ui) for which 

[uj] = a. 

Notice that if we apply any of the previous constructions to (M, D,w), we obtain 
submanifolds and more generally stratifications of M by 2-calibrated submanifolds. 
Regarding the initial structure, which was just a reduction of the structural group 
to U{n), we can conclude that the corresponding strata also admit such a reduction. 

9. Proof of proposition 0] 

We write down the proof for the bundle J"^ E^, for it is a necessary ingredient in 
the proof of theorem 13 The case of J^Ek bears no further complications and it is 
left to the interested reader. 

We omit the subindexes k and r for the connections whenever there is no risk of 
confusion. 

Recall that in coordinates the curvature can be computed as follows: in a chart 
where T*P is trivialized using the derivatives of the coordinates, we have the co- 
rresponding flat connection d on T* P. We have the operator 

V^:T*P®Lk — > T*P®T*P®Lk 
V^ := d«)I-I(8)V 

and the antisymmetrization map 



, 2r 



asyma: r*P®T*P — > A^T* P 
a® (3 I — > a A /3 
a A (3{u, v) := a{u)(3{v) — a{v)/3{u) 

The curvature is the composition asym2(V^ o V). 

Let ak = (cfc.OiCTfc^i) be a section (maybe local) of J^E]^. The modified con- 
nection is VHi(crfc,o,crfc,i) = (Vcrfc,o,Vcrfc,i) + (0, -P^' Vfc^o), where -F^^V^^o G 

The previous formula defines a connection. 

Lemma 19. Let C™ — » C be the trivial bundle endowed with a connection V 
whose curvature is of type (1, 1) with respect to the canonical complex structure Jq; 
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the connection splits into 9v + c^v- Let t be a holomorphic section of C™ (w.r.t. 
to the holomorphic structure induced by Vj. Then 

S/H{r,chT)=W{T,chT)-{0,d^chT) (51) 

and 9vif {t, &vt) — 0. 
Proof. By definition 

Ft = asym2(V^VT) (52) 

Let us denote the trivialization of tlie bundle that identifies it with C™ by 

Since r is holomorphic, 

Fr = asym2((d(g)I-I(g)V)9vT) (53) 

If we write d^r ~ dz^hl^^j, then 

Ft = asym2(-(I (E) V)d7Jhl^j) (54) 

Being the curvature of type (1, 1), 

Ft = asym2(-(I ® dv)dz^h{i^) (55) 

Recah that Ft has to be understood as an element of T*^^'^<U> ,g, y*i.O(^p ^ £m_ 
That amounts to switch the dz^'s with the dz^'s, which cancels the negative sign on 
the r.h.s. of eauation l55l Thus what we obtain is: 

Ft := (I (g) dv)dz'y^ij € V{T*'^'^0' ® T*^^^0' ® C") (56) 

But equation 1551 equals 

{do®i + i®d^)dz'y^ij 

which by definition is 

^v^vT (57) 

By equation 1571 



9vff (t, 9vt) = [chT, dvdvT - d^chr) = 



n 



It is also clear that 9v = 5v^ , and therefore they define the same coupled 
holomorphic jets. 

Lemma [TiH has an obvious approximately holomorphic version: if we have a very 
ample sequence of rank m vector bundles by definition the sequences of curvatures 
is approximately of type (1, 1). Then we can fix approximately holomorphic coordi- 
nates and the first part of lemma [T^ implies that for r^ a sequence of A.H. sections 
of Ek , one has 

FTk ~ BdTk, 

and by the second part 

dnj^Tk « 0, 
We compute the curvature of the modified connection in the integrable case. We 
will denote the coupled holomorphic r-jet in the integrable model by J^oi'''- 
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Lemma 20. Let C"* —> C be the trivial bundle as in lemma UVl Assum,e also 
that for the fixed trivialization ^i , . . . , ^„j the curvature is a matrix with constant 
coefficients and that we have a frame given by holomorphic sections ti , . . . , t^ . 
Then _Fv = Fw h 

Proof. If the holomorphic sections ri, . . . , r^ generate the bundle, then the holo- 
morphic 1-jets of z^Tj, Tj,l<l<p, l<j<m are a basis of J^p^n {^^ least on 
B{0, 0(1))). By lemma [T^ they are a holomorphic basis. 

Vff jL^V, = {dv{z'T,),\/dv{z'r,)) - (0, Fz't,) = \/jL,z't, ~ (0, Fz'rf) (58) 

Let us write again d^Tj = dz^hfj^s, and F = otsdzJdz' e T{T*^^'^Cp ®T*'^-°U>). 
If we apply to ^J\^o\^''Tj the operator asym2V^, V}^ := d I — I V//, we get: 

F^jl^^z''Tj + (0, a,sym2{dz''atsdz*^dz'^Tj + z^dz^atsdz^'dz'^hl ^^s)) (59) 

When we apply the same operator to (0, Fz''Tj), if recall that the ats are constant 
and that z'tj is a holomorphic section, 

asym2V}^(0, FzWj) = (0, a,sym2{-atsdz*dz'-dz''Tj - atsdz*z''dz^hfj£,s)) (60) 
and the r.h.s. of equation EOI equals 

(0, asym2(dz'FTj + z^dz'Fhl^^,)) (61) 

If we put together equations 1581 1591 and 16 II we obtain 

U 

We want to use a recursive construction based on lcmmas ll9l and Eni to introduce 
the desired connection on ^/p ,„. 

Before doing that we recall that the coupled holomorphic jets are sections of 

rrr 

We now proof how to modify the connection on i/p „. 
Step 1: We identify Jp„^ with the subbundle of J^Jp„^ spanned by holonomic 
sections, i.e. sections of the form JhoiJiioi'''' where r is any holomorphic section of 
C™. 

Pointwise, an element 7 of the fiber of J^J^^ is of the form 

(70,0, 70,1, 71,0, 71,1) e (C ® T*i'°CP ® r*i,0cp ® (r*i,0cp ^ T*i'°CP)) ® C", 

and belongs to Jl„, if and only if 71,1 e T*^^^U' Q t*^,o^p ® C™ and 71,0 = 7o,i- 
Using the metric induced by the Euclidean one on the base and fiber and the 
connection, we have a orthogonal projection r: J^J^m ~^ »^p,m- 
Step 2: We introduce a new connection on J^Jp,m- 

On Jp^ we use the modified connection Vhi- This, together with the flat 
connection d on r*C^ defines a connection V/^j ^ on J^Jp,^. Notice that on 
J^Jp^m we also have a connection V2 coming from d and Vi. 

We consider the trivialization of Jp^^ furnished by the sections ^j, d^'^j, 1 < 
j < m, 1 < i < p, so we can identify the bundle with c™'''^'". This is a trivial 
bundle with connection V/fi- By lemma EOI-Fvh = ^Vi- Recall also that in the 
basis ^j, dz^£,j the curvature i^Vi is a matrix that decomposes into p + 1 blocks 
corresponding to ^1, ... , S,m and to dz^S,i, ■ ■ ■ , dz'^S.m, 1 < « < P- For each such block 
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the corresponding matrix is the one for F^ in the basis ^j. Therefore -Fv/f is still 
of type (1,1) and has constant entries in the aforementioned basis. 

Let V_f/2 be the result of modifying ^Hi^i- 

Since V//, is of type (1, 1) by lemmadapplied to (C™p+™, V// J, if r^ G r(Jpi„) 
is holomorphic w.r.t. Vhi, then j^^^T^ is holomorphic w.r.t. Vh2- In particular 
JhoiULiz'Tj): jLii^^Jhoi^'^j) are a local holomorphic frame of {J^ J^^^,^ h.,) (recall 
that Tj was a local holomorphic frame of C"*). 

Having into account that the curvature of (C™''"'"™, V//J is of type (1, 1) and 
with constant entries, and that (c'"''"'''", V_f/i) has a local holomorphic basis, lemma 
Em gives -Fvff, = Fvh ■ Fi'om i^^ = ^Vi it follows that Fy^ = ^^2- There- 
fore, 

Fvh2=Fv2 0iiJ^JI^ (62) 

Step 3: Check that V^a restricts to Jp„^ ^> J^Jp^rn with the desired properties. 
Let / = («o, ii, . . . , ip) with 1 < io < m^ Q < ij < 2, ii + • • • + ip < 2, and let 

21 *p 

T/ : — Z^ . . . Zp Ti^ . 

We consider the sections ihoi.?hoi'''J' which are a local holomorphic frame J^p„^ 
(using the identification described in step 1). We will see that ^ H2JhoiJhoi'''i ^ 
r(T*^'°C^ (g) J^^„i)i arid therefore that the connection Vj/j preserves i7p ,„• 

We just proved in step 2 that j\^o\Jhoi'''i i^ holomorphic w.r.t Vh2 and that 
i^VHa = 5vhi 1 = ^^2- Let us write jI^iJI^iTi = {Ti,d^Ti,dvTi,d'^Ti). Then: 

"^ H2jLlJhol'^I = ^VHaiholJholT/ = 

d^^{Ti,d^Ti,d'^Ti,d^Ti) = {d^Ti,d^d^Ti,d^d^Ti,d^d^Ti), 

which belongs to r(T*i'OCP «) Jp2„). 

Therefore, the curvature of the restriction of V H2 to Jpm is of course of type 
(1, 1). The last observation is its expression in a suitable basis. The curvature of V2 
on J^Jp„i splits on blocks corresponding to the basis ^1, . . . , <^m, dz^^x, . . . , dz'^^m, 
dz'^i, . . . , dz''£,m, dz'^ (g) (iz*^i, . . . , dz"^ (g) dz^S^m, ^ < hhr^t < p. Each submatrix is 
Fv . If we use the basis ^1 , . . . , ^^ , dz'^i , . . . , dz^S,m , dz^ dz^^i , . . . , dz^ dz^^m , 
1 < i, r, t < p the curvature equally splits into blocks each matching F-^. 

The general case uses the following induction step: on J^„ there exists a con- 
nection V H,. with the following properties: 

(1) dn^ = dr 

(2) Fvfj — Fy^ and therefore F^^ is of type (1, 1). 

(3) If BvT = then Bh^j^.iT = 0. 

(4) In the basis ^/ := {dzD '^^ ■■ ■ {dz"^) S,ia the curvature splits into blocks 
each matching F-^. 

To define V h,.+i on J7T^^ we reproduce the previous 3 steps. 

Firstly we consider the identification of J^^ with the subbundle of J^J^^ 
spanned by sections of the form Jhoiihoi'''' ''' a holomorphic section of C'". 

Secondly we consider the connection V/fi ,. on JpXx constructed out of d and 
V//^ and modify it to Vh^+i- 

By the induction hypothesis, using the basis ^/ we are in the situation of lema 
1201 for j7T„j identifies with C '' with a connection whose curvature is of type (1,1) 
and with constant coefficients, and with a frame of holomorphic sections. Hence, 

Since we can also apply lemma ^1 for any t'' G '^{Jl,m) the 1-jet Jhoi''''^ is 
holomorphic w.r.t. Vi/,,^i. 
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The third step is to check that the modified connection restricts to JI^ ^^ 
J'^J'p,^. Using that 9vif^ ^ = ^v^+u ''^W frame of sections of the form Jhoiihoi'''J' 
T/ holomorphic, is sent by the connection to sections of J^I,~!^ ■ 

It is also routine to check that in the basis ^/ the curvature matrix is made of 
blocks of the form Fv . 

The almost complex counterpart of the result we just proved is done exactly 
in the same way. The only modification is that the connection on J^J'^E^ does 
not descend automatically to a connection on J^^^^Ek ^-> J^J^Ek- We have to 
project via r: J^J'^'Ek -^ J"^^^Ek, but this is seen to introduce an error which is 
approximately vanishing. It might happen that the resulting connection amounts 
to adding also a pseudo-holomorphic part. If that is the case we forget about this 
contribution (which again would be approximately vanishing). Therefore, we obtain 
a connection with all the desired properties. 

Using similar considerations to the ones for 1-jets, it can be deduced that the 
(r+l)-jet of a C""+^+''-A.H. sequence of sections of Ek is a C''-A.II. sequence of 
sections of {J'"+^Ek,VH^^r)- 



[i; 

[2 

[s: 

K 

[5 

[6; 

[8 
[9 

[lo: 
[11 

[12 

[13 

[14 

[15 
[16 

[17 
[18 

[19 

[2o; 



References 

V. I. Arnol'd, A. Varchcnko, S. M. Gusein-Zadc, Singularities of smooth mappings. Mono- 
graphs in Mathematics, Birkhuser (1982). 

D. Auroux, Asymptotically holomorphic families of symplectic submanifolds . Gconi. Func. 
Anal., 7 (1997), 971-995. 

D. Auroux, Symplectic i-rnanifolds as branched coverings o/CP^. Invent. Math., 139 
(2000), 551-602. 

D. Auroux, Estimated transversality in symplectic geometry and projective maps. Sym- 
plectic geometry and mirror symmetry (Seoul, 2000), 1-30, World Sci. Publishing, River 
Edge, NJ, 2001. 

D. Auroux, A remark about Donaldson's construction of symplectic submanifolds. J. Sym- 
plectic Geom. 1 (2002), no. 3, 647-658. 

D. Auroux, Symplectic maps to projective spaces and symplectic invariants. Turkish J. 
Math. 25 (2001), no. 1, 1-42. 

J. M. Boardman, Singularities of differentiable maps. Inst. Hautes Etudes Sci. Publ. 

Math. No. 33 (1967) 21-57. 

B. Deroin, Laminations par varietes complexes. These. Ecolc Normale Supcrieure de Lyon 

(2003). 

S. K. Donaldson, Symplectic submanifolds and almost-complex geometry. J. Diff. Geom., 

44 (1996), 666-705. 

S. K. Donaldson, Lefschetz fibrations in symplectic geometry. Doc. Math. Extra Vol. ICM 

98, II (1998) 309-314. 

S. K. Donaldson, Lefschetz fibrations in Symplectic Geometry. J. Diff. Geom., 53 (1999), 

no. 2, 205-236. 

S. K. Donaldson, P. B. Kronheimer, The geometry of four-manifolds. Clarendon Press, 

Oxford (1990). 

Y. Eliashberg, W. Thurston, Confoliations. University Lecture Series, 13 (1998) American 

Mathematical Society, Providence, RI. 

E. Ghys, Laminations par surfaces de Riemann. Dynamique et geometric complexes 
(Lyon, 1997), ix, xi, 49-95, Panor. Syntheses, 8, Soc. Math. France, Paris (1999). 

P. Griffiths, J. Harris, Principles of algebraic geometry. Wiley-Interscience (1994). 
E. Giroux, J. -P. Mohsen Structures de contacte et fibrations symplectiques au-dessus du 
cercle. In preparation. 

R. Harvey, H. B. Lawson, Jr., Calibrated foliations (foliations and mass-minimizing cur- 
rents). Amer. J. Math. 104 (1982), no. 3, 607-633. 

A. Ibort, D. Martinez Torres Approximately holomorphic geometry and estimated trans- 
versality on 2-calibrated manifolds. G. R. Math. Acad. Sci. Paris 338 (2004), Issue 9., 
709-712. 

A. Ibort, D. Martinez Torres, Lefschetz pencil .structures for 2-calibrated manifolds. C. 
R. Math. Acad. Sci. Paris 339 (2004), no. 3, 215-218. 

A. Ibort, D. Martinez Torres, F. Presas, On the construction of contact submanifolds 
with prescribed topology. J. Diff. Geom. 56 (2000), no. 2, 235-283. 



58 D. MARTINEZ TORRES 



[21 

[22; 

[23 
[24; 

[25; 

[26 

[27; 
[28; 

[29 

[30 
[31 
[32; 
[33 
[34; 
[35; 



D. Martinez Torres, Geometries with topological character. Thesis. Universidad Carlos 
III de Madrid (2003). 

D. Martinez Torres, Approximately holomorphic geometry for projective CR manifolds. 
In preparation. 

D. Martinez Torres A higher dimensional generalization of taut foliations. In preparation. 
D. Martinez Torres, V. Mufioz, F. Presas, Open book decompositions for almost contact 
manifolds. XI Fall Meeting in Geometry and Physics (Ovicdo, Spain, 2002). Publicacioncs 
de la RSME 6 (2003), 131-149. 

J. N. Mather How to stratify mappings and jet spaces. Singularitcs d'Applications 
Diffcrentiablcs (Plans-sur-Bcx 1975), Lecture Notes in Math 535, Springer (1976), 128- 
176. 

D. McDuff, D. Salarnon, Introduction to symplectic topology. Clarendon Press, Oxford 
(1995). 

J. P. Mohsen, Thesis. Ecole Norm. Sup. Lyon (2001). 

V. Mufioz, F. Presas, I. Sols, Almost holomorphic embeddings in Grassmannians with 
applications to singular symplectic submanifolds. J. Reine Angcw. Math. 547 (2002), 
149-189. 

V. Mufioz, F. Presas, I. Sols, Asymptotically holomorphic embeddings of contact manifolds 
in projective spaces. Global differential geometry: the mathematical legacy of Alfred Gray 
(Bilbao, 2000), 386-390, Contcmp. Math., 288, Amer. Math. Soc, Providence, RI, 2001. 
T. Ohsawa, N. Sibony, Kdhler identity on Levi fiat manifolds and application to the 
embedding. Nagoya Math. J. 158 (2000), 87-93. 

I. R. Portcous, Simple singularities of maps. Proceedings of Liverpool Singularities Sym- 
posium, I (1969/70), 286-307. Lecture Notes in Math. 192, Springer, Berhn, 1971. 
F. Presas, Lefschetz type pencils on contact manifolds. Asian J. Math., 6 (2002), no. 2, 
277-302. 

F. Ronga, Le calcul des classes duales aux .singularitcs de Boardman d'ordre deux. Com- 
ment. Math. Helv. 47 (1972), 15-35. 

P. Seidel, A long exact sequence for .symplectic Floer cohomology. Topology 42 (2003), 
no. 5, 1003-1063. 

G. Tian, On a set of polarized Kdhler metrics on algebraic manifolds. J. Differential 
Gcom. 32 (1990), no. 1, 99-130. 



Depart, of Math., Utrecht University, 3508 Ta Utrecht, The Netherlands 
E-mail address: mart inezOmath. uu.nl 



